Plasmas consisting exclusively of particles with a single sign of charge ͑e.g., pure electron plasmas and pure ion plasmas͒ can be confined by static electric and magnetic fields ͑e.g., in a Penning trap͒ and also be in a state of global thermal equilibrium. This important property distinguishes these totally un-neutralized plasmas from neutral and quasineutral plasmas. This paper reviews the conditions for and structure of the thermal equilibrium states and then develops a thermodynamic theory of the trapped plasmas. Thermodynamics provides hundreds of general relations ͑Maxwell relations͒ between partial derivatives of thermodynamic variables with respect to one another. Thermodynamic inequalities place general and useful bounds on various quantities. General and relatively simple expressions are provided for fluctuations of the thermodynamic variables. In practice, trapped plasmas are often made to evolve through a sequence of thermal equilibrium states through the slow addition ͑or subtraction͒ of energy and angular momentum ͑say, by laser cooling and torque beams͒. A thermodynamic approach to this late time transport describes the evolution through coupled ordinary differential equations for the thermodynamic variables, which is a huge reduction in complexity compared to the partial differential equations typically required to describe plasma transport. These evolution equations provide a theoretical basis for the dynamical control of the plasmas.
I. INTRODUCTION
Plasmas with a single sign of charge ͑e.g., pure electron plasmas and pure ion plasmas͒ are routinely confined in Penning traps for long times ͑hours and even days͒ in states of global thermal equilibrium. [1] [2] [3] [4] Moreover, the plasmas are made to evolve through a sequence of thermal equilibrium states by the slow addition ͑or subtraction͒ of energy and angular momentum. These experiments suggest the need for a thermodynamic theory of trapped plasmas.
The main advantage of a thermodynamic description is that it provides a huge reduction in the level of complexity required to specify the system state. Much of many body physics can be viewed as the development of such reductions ͑e.g., Liouville distribution→Boltzmann distribution→fluid description͒, and thermodynamics is the ultimate reduction. The system state is completely specified by the values of a few thermodynamic variables. However, no information is lost so long as the system is in thermal equilibrium. A complete set of thermodynamic variables fixes all of the parameters ͑e.g., temperature͒ in the Gibbs distribution.
We will see the power of this reduction in Sec. VI where we discuss a thermodynamic approach to transport. This theory applies when the evolution is slow enough that the plasma passes through a sequence of thermal equilibrium states. The plasma evolution is then governed by coupled ordinary differential equations for the time dependence of the thermodynamic variables, which is a huge reduction in complexity relative to the partial differential equations typically required to describe plasma transport.
Although thermodynamics plays an important role in much of many body physics ͑e.g., in condensed matter physics͒, it has not been used to describe neutral ͑or quasineutral͒ trapped plasmas. The reason for this apparent omission is easy to understand. Such plasmas cannot be confined by static electric and magnetic fields and also be in a state of global thermal equilibrium, 5 so a thermodynamic description is simply not available. The possibility of a thermodynamic description is an important property that distinguishes plasmas with a single sign of charge from their neutral ͑and quasineutral͒ cousins.
There is some previous work 6-10 on the thermodynamics of trapped plasmas with a single sign of charge, but it is limited in focus and scope and is not intended to be a general development of the subject. For example, it focuses on the special case of long plasma columns ͑formally, infinitely long or shaped like a right circular cylinder͒ and does not develop and exploit Maxwell relations, thermodynamic inequalities, etc. Here, we provide a general development of the subject that allows for realistic plasma configurations, uses the natural thermodynamic variables for the trapped plasma systems, and develops and applies the full thermodynamic formalism.
*This review paper is based in part on the Maxwell Prize lecture given by Professor O'Neil at the 1996 annual meeting of the Division of Plasma Physics in Denver, Colorado.
Sections II and III review the confinement geometry, constants of the motion, and the conditions for and structure of the thermal equilibrium states for the trapped plasmas. Section IV develops the general theory of thermodynamics for these systems. Section V considers the special case of large trapped plasmas, and shows that the thermodynamic functions for these systems are simply related to those for an infinite homogeneous one component plasma ͑OCP͒, which are well known even in the limit of strong correlation. 11, 12 Section VI develops the thermodynamic approach to transport and applies it to explain observations in recent experiments.
2 Section VII notes that in some special configurations the center-of-mass motion decouples from the other degrees of freedom. This introduces new constants of the motion, which then enter as new thermodynamic variables. The thermodynamic theory of transport then describes a dynamical evolution in which the center-of-mass motion is coupled to the other thermodynamic variables. This generalized theory is used to describe a limit cycle behavior observed in the late time dynamics of trapped pure electron plasmas. 13 Figure 1 shows a simple example of a Penning trap.
II. CONFINEMENT AND CONSTANTS OF THE MOTION
14 A conducting cylinder is divided axially into three sections with the central section held at ground potential and the two end sections held at positive potential. ͑Throughout the paper, the figures and discussion refer to positively charged particles, but the case of negative charges is covered by obvious sign changes.͒ Also, there is a uniform axial magnetic field. The plasma resides in the region of the central grounded section with radial confinement provided by the magnetic field and axial confinement by the electric fields. To understand radial force balance, one must realize that the plasma rotates about the axis of symmetry of the trap. The associated Lorentz force (ev؋B/c), where v is the rotational velocity, is directed radially inward and balances all of the radially outward forces ͑centrifugal, pressure, and electrostatic͒. This simple form of the trap ͑with cylindrical electrodes͒ is often called a Malmberg-Penning trap. 15 Figure 2 shows a Penning trap in which the cylindrical electrodes are replaced by hyperbolas of revolution. 16, 17 Such traps were developed originally to confine small numbers of charged particles, but more recently have been used to confine charge clouds that are large and dense enough to qualify as a plasma. We will develop the theory so that it is broad enough to encompass both of these traps.
As a preliminary to a discussion of the thermal equilibrium states, it is necessary to determine the effective constants of the motion for the plasma. These quantities need not be exact constants; it is only necessary that they be nearly constant on the time scale required for interactions to bring the plasma charges into thermal equilibrium with each other. For our theoretical discussion, we introduce an idealized model of the plasma and trap such that the quantities of interest are exact constants.
We consider a plasma of N like charges that interact electrostatically in a cylindrically symmetric Penning trap with time-independent voltages applied to the electrodes and a time-independent and uniform axial magnetic field, B ϭẑ B. There may be more than three electrodes, and all of the electrodes together completely bound the confinement region so that the interior solution to Poisson's equation is well defined. The vector potential for the uniform magnetic field can be written as Aϭ A (r), where A (r)ϭBr/2. Here (r,,z) is a cylindrical coordinate system with the z axis coincident with the axis of symmetry of the trap. We write the electric potential as
where T (r) is the trap potential in the absence of a plasma. This potential satisfies Laplace's equation and matches the potential specified on the conducting boundary, that is, on the electrodes. The quantity G(r͉r j ) is the Green's function that vanishes on the conducting boundary, and r j is the position of the jth charge. The Green's function differs from the Coulomb interaction 1/͉rϪr j ͉ because of image charges in the conducting boundary.
To a good approximation, the motion of the charges is governed by the Hamiltonian where the canonical momenta are given by p r j ϭmṙ j , p j ϭmr j 2 j ϩ e c A ͑r j ͒r j , p z ϭmż j . ͑3͒
The first sum is the kinetic energy, the second is the electrostatic energy of the charges in the trap potential, and the third is the electrostatic interaction energy of the charges with each other and with their images. Diamagnetic and relativistic effects have been neglected since velocities are typically small ͑i.e., ͉v j ͉/cӶ1͒ in the experiments of interest. Also, in the second sum, we have neglected the interaction energy of each charge with its own image; typically this is much smaller than e T (r) unless the charge is very near the wall. Note that the interaction of a particular charge with the images of all of the other charges can be large and is retained in the third sum. The constants of the motion follow from the symmetry properties of the Hamiltonian, and these properties are not changed by dropping the (v/c) 2 corrections and the interaction of a charge with its own image. These approximations are used only to simplify the notation. Also, for notational simplicity, we have taken the case of a single species plasma; the results are easily generalized to a multispecies plasma so long as all of the species have the same sign of charge.
Since the Hamiltonian is invariant under translations in time ͑i.e., ‫ץ‬H/‫ץ‬tϭ0͒, the Hamiltonian itself is a constant of the motion
HϭE. ͑4͒
We may think of H as the total particle energy, but should note that H is not the same as the ''system energy,'' i.e., the energy required to assemble the plasma in the trap. If for simplicity we fix the voltages on the electrodes and the current in the solenoid, and do not include in our considerations the energy required to charge the electrodes and the solenoid in the absence of the plasma, the system energy equals H plus the work done by external circuits as the plasma is assembled. For example, as charges are brought from infinity into the trap, image charges flow onto the electrodes, doing work against the circuits holding the electrode voltages fixed. Also, work is required of the circuits holding the solenoid current fixed due to the mutual inductance between the plasma and the solenoid. This will be discussed in detail in Sec. IV B, where it is the basis for our discussion of thermodynamic stability of non-neutral plasmas. The cylindrical symmetry of the apparatus implies that the trap potential is of the form T (r j )ϭ T (r j ,z j ) and that the Green's function is of the form G(r i ͉r j ) ϭG(r i ,z i ,r j ,z j , i Ϫ j ). Thus the Hamiltonian is invariant under translations in ͑i.e., ͚ jϭ1 N ‫ץ/‪H‬ץ‬ j ϭ0͒, and the total canonical angular momentum is conserved
Of course, for a real plasma in a real trap, the total energy and the total canonical angular momentum are not conserved exactly. The charges slowly radiate away both energy and angular momentum; there are neutrals, and collisions with the neutrals change the plasma energy and angular momentum; and most importantly there are small field errors and construction errors that break the cylindrical symmetry and apply a small torque on the plasma. However, with care all of these effects can be made sufficiently small that interactions between the particles bring the plasma into thermal equilibrium before the energy and angular momentum change by a significant amount. Thus we proceed with a description of the plasma confinement and thermal equilibrium states using our idealized model.
To understand the confinement, it is useful to introduce the Hamiltonian in a frame that rotates with frequency Ϫ; this quantity is given by 18 H R ϭHϩ P , ͑6͒
and is conserved so long as H and P are conserved. Of course, we are free to view the dynamics from any rotating frame that is convenient. It is important to note here that Ϫ is not necessarily the rotation frequency of the plasma. The minus sign is included explicitly so that can be chosen to be positive ͑for a plasma of positive charges͒. When the canonical momenta are replaced with velocity variables, Eq. ͑6͒ takes the form
͑7͒
where we have used (e/c)A (r)rϭeBr 2 /2c. Carrying out a small amount of algebra yields the result
where
is the effective trap potential in the rotating frame and ⍀ c ϭeB/mc is the cyclotron frequency. This potential consists of three terms: e T is the potential energy due to the voltages maintained on the electrodes, Ϫm 2 r 2 /2 is the centrifugal potential, and m⍀ c r 2 /2 ϭ͐ 0 r dr e(r)B/c is the potential that is induced by rotation through the magnetic field. It is this last term that provides the radial confinement. For a suitable choice of the bias voltage on the end electrodes and for sufficiently large (⍀ c Ϫ), the equipotential surfaces of e R (r,z) are nested surfaces of revolution with the value of e R (r,z) increasing outward from the center of the trap. The term e T (r,z) increases as z moves toward either end where the positively biased end electrodes are located. For sufficiently large (⍀ c Ϫ), the term m(⍀ c Ϫ)r 2 /2 makes e R (r,z) an increasing function of r ͓even though e T (r,z) is decreasing in r͔. Thus e R (r,z) is a potential well that acts to confine the plasma.
A simple confinement theorem can be constructed by noting that the first and third sums in Eq. ͑8͒ are nonnegative. The non-negative character of the third sum follows from the fact that G(r͉rЈ)Ͼ0. A negative value for G(r͉rЈ) would imply that G(r͉rЈ) reaches a minimum at some point r inside the confinement region; recall that G(r͉rЈ) vanishes on the boundary and is positive near r ϭrЈ. Of course, a minimum is not possible since ٌ 2 G(r,rЈ)ϭ0 except at rϭrЈ. Particles can escape to the wall only by climbing high up in the potential well, that is, by increasing the second sum in Eq. ͑8͒. This must be accompanied by a decrease in the other two sums, since H R is conserved. Physically, the particles can climb up the potential only by using kinetic energy and electrostatic energy of interaction. Because these latter two quantities are non-negative, their initial values set the maximum amount that they can decrease. Suppose that all of the particles are initially inside ͑bounded by͒ some equipotential surface e R (r,z)ϭe 1 and that the first equipotential where the potential begins to decrease ͑or intersects the wall͒ is e R (r,t)ϭe 2 . Then only a small fraction of the charges can escape if Ne( 2 Ϫ 1 ) is much larger than the initial values of the first and third sums in Eq. ͑8͒.
In applying this theorem, we are free to choose . However, care must be taken, since appears both in the effective trap potential and in the kinetic energy ͑in the rotating frame͒. Also, must lie in the interval 0ϽϽ⍀ c so that (⍀ c Ϫ) is positive. Nevertheless, for any initial state of the plasma, the well can be made deep enough to provide confinement for a range of values, if ⍀ c and the bias voltage on the end electrodes are sufficiently large.
III. THERMAL EQUILIBRIUM STATES

A. Distribution function
Given that the particles remain confined, Coulomb interactions between the particles must bring the plasma to a state of thermal equilibrium. For a thermal equilibrium plasma characterized by the fixed values H(r 1 ,v 1 ,...,r N ,v N )ϭE and P (r 1 ,v 1 ,...,r N ,v N )ϭL, the 6N-dimensional particle distribution is the distribution for a microcanonical ensemble
where A is a constant that is chosen to normalize the phasespace integral of the distribution to unity. According to the ergodic hypothesis, the average of any function G(r 1 ,v 1 ,...,r N ,v N ) taken over the microcanonical distribution is equal to the long time average of the function taken along the system trajectory in the 6N-dimensional phase space.
We will consider plasmas with enough particles (N ӷ1) that the distribution for a microcanonical ensemble is well approximated by the distribution for a canonical ensemble ͑the Gibbs distribution͒ 19, 20 f c ͑ r 1 ,v 1 ...,r N ,v N ͒ϭC exp͓Ϫ͑Hϩ P ͒/kT͔, ͑11͒
where C is a factor used to normalize the integral of f c to unity. Formally the Gibbs distribution describes a plasma that is in thermal contact with an energy and angular momentum reservoir. For example, Fig. 3 shows a trapped plasma that is in thermal contact with an infinitely long column ͑the reservoir͒. It is characterized by temperature T and rotation frequency Ϫ. Thermal fluctuations produce a transfer of energy and angular momentum back and forth between the reservoir and plasma. However, for a sufficiently large plasma ͑i.e., Nӷ1͒, the fluctuations in plasma energy and angular momentum are small compared to the mean energy and angular momentum and have only a small influence on the plasma state. Thus for most physical quantities, an average over the microcanonical distribution can be replaced by an average over the Gibbs distribution. 20 In establishing the correspondence between the two distributions, T and are chosen so that Eϭ͗H͘ and Lϭ͗P ͘, where the averages are over the Gibbs distribution. This well-known equivalence between the two distributions is useful because the Gibbs distribution offers advantages analytically; for example, H and P enter the Gibbs distribution only through the combination H R ϭHϩ P . However, we should note that the equivalence does not extend to averages of certain fluctuations; for example, ͗(HϪE) 2 ͘ is identically zero for the microcanonical distribution and is small ͓i.e., ͗(H
ϪE)
2 /E 2 ͘ϳ1/N͔ but nonzero for the Gibbs distribution.
From Eq. ͑8͒, one can see that the velocity dependence of f c is a product of Maxwellians in a frame that rotates with frequency Ϫ. Thus the local fluid velocity ͗v͘ϭr is a shear-free rigid rotor flow. Of course, a thermal equilibrium flow must be shear-free; viscous forces acting on a shear in the flow would produce entropy, and that is impossible for a state of maximum entropy. One should note the distinction between the meanings of here and in the confinement theorem. Here is the rotation frequency of the plasma as determined by the values of Eϭ͗H͘ and Lϭ͗P ͘; whereas, in the confinement theorem, is the rotation frequency of some arbitrary frame from which we choose to view the dynamics.
To see that distribution ͑11͒ describes a confined plasma, we note that the probability of finding a particle high up in the potential well, that is, where e R (r,z) is large, is exponentially small. The electrode surfaces are assumed to be well outside the surface where the density becomes exponentially small. The existence of thermal equilibrium states for confined plasmas with a single sign of charge has been known for many years. [21] [22] [23] [24] Note that the confinement works only for a plasma with a single sign of charge. In the effective trap potential ͓see Eq. ͑9͔͒, the two terms that provide confinement ͓i.e., e T and m⍀ c r 2 /2͔ both enter with the sign of the change as a coefficient; so confinement of positive charges implies nonconfinement of negative charges. As mentioned earlier, it is well known that a neutral or quasineutral plasma cannot be confined by static electric and magnetic fields and also be in a state of global thermal equilibrium. Such a plasma cannot be confined and also be in a state of minimum free energy; there is always free energy to drive instabilities. In contrast, distribution ͑11͒ describes a totally un-neutralized plasma that is confined stably forever, at least for our ideal model where E and L are exact constants of the motion. This is a good point to return to the fact that E and L are not exactly constant for a real plasma in a real trap. As mentioned earlier, various effects ͑radiation, collisions with neutrals, and interactions with field errors and construction errors that break the cylindrical symmetry͒ produce slow changes in E and L. However, by using a high-quality vacuum and by constructing the trap with a high degree of cylindrical symmetry, E and L can be nearly constant on the time scale required for Coulomb collisions to bring the charges into thermal equilibrium with each other. Thus distribution ͑11͒ still provides a correct description of the plasma state, but the slow evolution of E and L translates to a slow evolution of T and . If no counter measures were taken, the ambient heating and ambient torque ͑typically a drag that opposes the plasma rotation͒ would cause T and to change in such a way that the plasma would be lost to the wall. However, counter measures such as laser cooling and laser torques can be used to maintain E and L ͑and therefore T and ͒ at constant values indefinitely. Alternatively, E and L can be deliberately varied so that the plasma sweeps through a sequence of thermal equilibrium states.
1,2 Such an evolution will be discussed in Sec. III C.
B. Relation to a one-component plasma
The Gibbs distribution for the trapped plasma is equivalent to that for a one-component plasma ͑OCP͒. 24 An OCP is a system of point charges embedded in a uniform neutralizing background charge. 11, 12 The infinite homogeneous OCP has been a favorite theoretical model for the study of correlation effects, and its thermodynamic properties are well known. In Sec. V, we will relate the thermodynamic functions of an infinite homogeneous OCP to those of a large trapped plasma. Here we use the equivalence between the systems to help understand the spatial structure of the trapped plasmas.
To demonstrate the equivalence, we first note from Eq. ͑9͒ that the second term in e R (r,z) is quadratic in r. As described earlier, this term provides the correction due to rotation. Suppose that the radial confinement were not provided by rotation through a magnetic field but rather by an imaginary cylinder of uniform negative charge ͑to confine a plasma of positive charges͒. Such a charge distribution would produce a radial electric field E r ϭϪ2en Ϫ r and an electric potential Ϫ ϭen Ϫ r 2 , where n Ϫ ϭconstant is the density of the imaginary negative charge. If this charge density were chosen to have the value en Ϫ ϭm(⍀ c Ϫ)/2e, the cylinder of negative charge would provide a potential-energy term e Ϫ ϭm(⍀ c Ϫ)r 2 /2 that is identical to the second term in e R . Thus the Gibbs distribution for the two systems would differ only by rotation, that is, by the velocity shift v j →v j ϩr j j . The spatial dependence, including all correlations, would be identical. 24 We know what would happen if we put a collection of positive charges into a potential well produced by the cylinder of uniform negative charge ͑and the electrode potentials͒. The positive charges would go to the bottom of the well and match their density to that of the negative charge ͑i.e., n ϭn Ϫ ͒, neutralizing the negative charge out to some surface of revolution where the supply of positive charges was exhausted. The condition nϭn Ϫ is typically written as
where p 2 ϭ4ne 2 /m is the square of the plasma frequency. An alternate form of this argument starts from the observation that the plasma charges must arrange themselves so that any external electric field is Debye shielded out when viewed in the plasma rest frame ͑here, the rotating frame of the plasma͒. The effective external field in this frame is Ϫٌ R , so we conclude that In these arguments we have introduced the density n(r) and the space-charge potential p (r). Formally, these quantities are related to Gibbs distribution ͑11͒ through the integrals
where G(r͉rЈ) is the Green's function introduced in Eq. ͑1͒. This general picture of a plasma that is uniform density out to a surface of revolution where the density drops to zero in a thin surface sheath has been verified by detailed numerical solutions 23, 26 and by experiment. 1, 3, 27 The influence of the surface extends into the plasma about a correlation length, so the surface sheath is about a correlation length thick. For a weakly correlated plasma, the correlation length is of order the Debye length, D ϭ(kT/4ne
2 )
1/2
, and the density drops monotonically to zero on this scale length. For a strongly correlated plasma, the density does not fall monotonically to zero, but suffers oscillations near the surface. The density is concentrated on nested shells. One can think of these shells as crystal planes that are deformed to follow the contour of the surface. The shell structure extends into the plasma a correlation length; which is a few times the interparticle spacing n Ϫ1/3 for a plasma in the fluid state, but can be substantially larger for a plasma in a crystal state. Because of the curvature of the surface, one expects dislocations near the surface and a ''surface correlation length'' that is reduced significantly from the bulk correlation length for an infinite homogeneous crystal. Numerical simulations 26 suggest a ''surface correlation length'' that is a few tens of interparticle spacings. We will refer to a plasma as large when the thickness of the surface sheath is much smaller than all three plasma dimensions. In this case, the volume of the surface sheath is small compared to the total plasma volume, and we can relate the thermodynamic functions of the trapped plasma to those of an infinite homogeneous OCP ͑see Sec. V͒. For a weakly correlated plasma or a plasma in the fluid state the criterion that the plasma be large is easily satisfied, but for a crystal state where the shell structure extends into the plasma for tens of interparticle spacing the criterion is quite demanding.
For some experiments with pure electron plasmas, the temperature is low enough and the magnetic field large enough that the cyclotron motion is quantized ͑i.e., ប⍀ c ϳkT͒. Although the argument concerning the equivalence between the Gibbs distributions for a trapped plasma and for an OCP is classical, one can construct an equivalent quantum mechanical argument provided that thermal deBroglie wavelength ͱប 2 /mkT is small compared to the interparticle spacing.
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C. Spheroidal plasmas
There is an important special case where the shape of the surface of revolution can be determined analytically. The plasma is small compared to the dimensions of the trap and resides in a nearly quadratic trap potential. As we will see, the surface of revolution is then a spheroid ͑an ellipse of revolution͒.
1,25
Near the center of a trap, one expects ͑by Taylor expansion͒ that the trap potential is approximately quadratic
where z 2 and C are constants. The coefficient of r 2 relative to that of z 2 is determined by the requirement ٌ 2 T ϭ0. Some traps are designed to make the quadratic approximation much better than would in general be expected. For example, Fig. 2 shows a trap for which the conducting electrodes are hyperbolas of revolution. Since the equipotential surfaces for the quadratic potential ͓i.e., z 2 Ϫr 2 /2ϭconst͔ define hyperbolas of revolution, a trap for which the hyperbolas extended to infinity would produce an exactly quadratic potential. In practice, the hyperbolas are truncated, as shown in Fig. 2 , so the quadratic form is only an approximation, though it is very good over a substantial region near the center of the trap. If the equation defining the cap electrodes is z 2 Ϫr 2 /2ϭz 0 2 , the equation defining the center ring electrode is z 2 Ϫr 2 /2ϭϪr 0 2 /2, and the potential difference between cap and ring electrodes is V 0 , the frequency z is given by
Even for a trap with cylindrical electrodes, it is possible to achieve a potential that is nearly quadratic over a substantial region. 17 This is accomplished by choosing the lengths of the various cylinders so that the quartic term in the Taylor series vanishes; the cubic and quintic terms vanish by symmetry. Adding m(⍀ c Ϫ)r 2 /2 to T yields the effective trap potential in the rotating frame
which is also quadratic. The parameter ␤ is defined as
where ⍀ v ϵ⍀ c Ϫ2 is the vortex frequency. The parameter ␤ determines the symmetry of the effective trap potential, and hence the shape of the plasma. For example, when ␤ ϭ1 the plasma is spherically symmetric, whereas for ␤ӷ1 the plasma is squeezed into a line along the z axis, and for ␤→0 the plasma is a flat two-dimensional ͑2D͒ pancake in the x-y plane. The quadratic form of R (r,z) allows one to determine the shape of the plasma. 1,2,25 As discussed earlier the plasma charges adjust their positions so that R ϩ p is constant inside the plasma. Thus the plasma space-charge potential must be quadratic within the plasma. It is well known that a uniformly charged spheroid ͑ellipse of revolution͒ in free space produces an interior potential that is quadratic in r and z and an exterior potential that approaches zero at infinity. Here the plasma dimensions are small compared to the distance to the walls, so the boundary condition that p ϭ0 on the conducting walls reduces approximately to the condition that p approaches zero at infinity. Thus the bounding surface of the plasma is a spheroid. By writing down the potential due to a uniformly charged spheroid and comparing the coefficients of r 2 and of z 2 to the corresponding coefficients in Ϫ R , we obtain the relations
where ␣ϭZ p /R p is the aspect ratio of the spheroid, 2R p is the spheroid diameter, and 2Z p is the length. Equation ͑21͒ is equivalent to Eq. ͑12͒, and the function g(␣) is given by
where Q 1 0 is an associated Legrendre function of the second kind. The aspect ratio ␣ is a monotonically increasing function of ␤, as one would expect on the basis of the physical arguments following Eq. ͑19͒.
For a uniform density spheroid, the number of particles is given by
so for given N the plasma radius and half length can be written separately as
Here a 0 ϵ(e 2 /m z 2 ) 1/3 and use has been made of Eqs. ͑20͒ and ͑21͒. This is a good point to make contact with experiment. Figure 4 shows a side view image of a plasma of NӍ8 ϫ10 4 Be ϩ ions in a quadratic trap potential together with a fit to an ellipse. The picture was obtained by Huang, Tan, Bollinger, and Wineland of the National Institute of Science and Technology ͑NIST͒ ion storage group by simply imagining the fluorescence from the laser excited Be ϩ ions. 29 The aspect ratio of the fitted ellipse is ␣ϭ1.763, which agrees to better than 1% with the aspect ratio ␣ϭ1.75 predicted from Eqs. ͑19͒ and ͑20͒ for the independently measured frequencies z /2ϭ754 kHz, ⍀ c /2ϭ7.608 MHz, and /2 ϭ213.7 kHz.
In similar experiments by this group, 1,2 cooling and torque lasers ͑see Sec. VI͒ were used to control the plasma energy and angular momentum so that the plasma rotation frequency varied through the full range of allowed values, ϭ m to ϭ⍀ c Ϫ m . Here m ϭ⍀ c /2Ϫ͓(⍀ c /2) 2 Ϫ z 2 /2͔ 1/2 is the single-particle magnetron frequency ͑drift frequency͒, and the range of values follows from Eq. ͑19͒ plus the requirement that ␤Ͼ0. The torque laser changed the angular momentum of the plasma and also did work on the plasma, since the torque was applied to a rotating plasma. As the plasma evolved, this work appeared as a change in the electrostatic energy, kinetic energy of rotation, and heat, but the cooling laser was able to remove the heat fast enough that the temperature ͑and Debye length͒ remained reasonably small. Figure 5 , taken from Bollinger et al., 1,2 shows a plot R p /R B versus /⍀ c as determined by Eq. ͑24͒ for the experimental parameters ⍀ c / z ϭ6.62. Here R B is the radius at the Brillouin condition, /⍀ c ϭ1/2, which yields the minimum radius and maximum density. The points are experimental measurements, and one can see that the agreement with theory is very good.
To understand the plasma evolution along the curve, we obtain an expression for the angular momentum as a function of . In general the total canonical angular momentum for a thermal equilibrium plasma is given by
where use has been made of the fact that the velocity dependence of f c is a product of Maxwellians in a frame that rotates with frequency Ϫ. For a uniform density spheroid, this reduces to
where the superscript zero has been added to note that this expression refers to the limit of a zero thickness surface sheath. Corrections due to the surface sheath will be obtained in Sec. IV. In Fig. 6 the scaled angular momentum,
is plotted versus /⍀ c for the experimental parameters ⍀ c / z ϭ6.62. Here use has been made of Eq. ͑24͒.
In the experiment, the torque laser exerted a negative torque, that is, a torque in the same sense as the plasma rotation. The plasma started off in a state with large and positive L and, correspondingly, with small rotation frequency, density, and aspect ratio ͑i.e., Ӎ m , p Ӎ z , and ␣Ӎ0͒. As L was decreased, the rotation frequency, density, and aspect ratio all increased. When L passed through zero, the rotation frequency was ϭ⍀ c /2 and the density and aspect ratio reached their maximum values ͓ p ϭ⍀ c /& and ␣ϭg Ϫ1 (2 z 2 /⍀ c 2 )͔. As L became progressively more negative, the frequency continued to increase, but the density and aspect ratio decreased. For large and negative L, the frequency approached the upper limit ⍀ c Ϫ m , and the density and aspect ratio again approached their minimum values ͑ p ϭ z and ␣Ӎ0͒.
One may worry that we did not explicitly specify the value of E in determining the plasma state; Eq. ͑28͒ determines as a function of trap parameters and the values of L and N. However, this whole analysis implicitly assumes that the cooling laser continually adjusts the value of E so that T ͑and D ͒ remain small ͑formally zero͒.
Also, the analysis assumes that the evolution is sufficiently slow that the plasma passes through a sequence of thermal equilibrium states. This is the kind of transport that we want to describe more generally using a thermodynamic approach. To that end, we first develop a thermodynamic formalism for the trapped plasmas.
IV. THERMODYNAMIC FRAMEWORK
A modern development of thermodynamics starts from the definition of the free energy
in terms of the canonical partition function
where h is Planck's constant. 19 Here the subscript R is a reminder that F R is the free energy in the rotating frame of the plasma. The quantities (T,,B,͕V j ͖,N) are a complete set of thermodynamic variables, since they determine the value of Z c . The trap geometry is assumed to be given and fixed. The dependence on T, , and N is obvious, the dependence on B enters through P , and the dependence on V j ͑the potential on the jth electrode͒ enters through H. Although (T,,B,͕V j ͖,N) are a complete set of thermodynamic variables, they are not the only complete set.
Other thermodynamic variables are introduced as partial derivatives of F R . For example, from Eqs. ͑29͒ and ͑30͒ it follows that
͑31͒
where the bracket indicates an average over the Gibbs distribution. The entropy S is defined through the relation
which together with Eq. ͑31͒ implies the familiar result
ϭϪS. ͑33͒
Likewise, the partial derivatives of F R with respect to the other thermodynamic variables are physically meaningful quantities. For example, the partial derivative with respect to yields the angular momentum
and the partial derivative with respect to N is by definition the chemical potential This function plays an important role in determining the thermal equilibrium of systems in which the number of particles can fluctuate. The partial derivative of F R with respect to B is equal to the average magnetic moment of the plasma
where the minus sign enters the last equality because Ϫ is the rotation frequency of the plasma. Note that M is a negative quantity for a non-neutral plasma, indicating that the magnetization induced by rotation opposes the applied magnetic field: the plasma is diamagnetic. This appears to contradict the Bohr-van-Leeuwen theorem, which states that classical systems cannot display diamagnetism. 30 However, the theorem only applies to systems which do not rotate in thermal equilibrium. In a non neutral plasma the magnetic moment arises from the current created by rotation.
The partial derivative of F R with respect to the electrode voltage V j is equal to the average charge q j induced on the electrode by the plasma:
To prove this relation we note that the voltages V j enter the Hamiltonian H R only through the trap potential T (r), whose linear dependence on ͕V j ͖ can be expressed as
where T ( j) (r) is the potential caused by a unit voltage on electrode ( j). Then Eqs. ͑9͒, ͑29͒, and ͑30͒ imply that
This average can be related to q j by using Poisson's equation for the electrostatic potential induced by the N charges in the plasma:
with the boundary condition that ϭ0 on the electrodes. Multiplying each side by T ( j) (r) and integrating over r implies
Now we add Ϫ(r)ٌ 2 T ( j) to the integrand on the left-hand side, which makes no change since ٌ 2 T ( j) ϭ0 except on the wall where ϭ0. However, this allows us to apply Green's theorem:
where the surface integral runs over the electrodes. However, on the electrodes ϭ0, and T ( j) equals 1 on electrode j and equals 0 on the other electrodes, so we have
where the surface integral runs only over electrode j. Taking the average of this equation and using the relation ͐ s j dS
•ٌϭ4q j , yields Eq. ͑37͒.
The partial derivatives of the free energy expressed in Eqs. ͑33͒-͑37͒ can be summarized by the total differential
F R is an example of a thermodynamic potential for the system. By making Legendre transformations, we obtain the total differential of other thermodynamic potentials. 19 For example, using Legendre transformation ͑32͒ to eliminate F R in favor of E R yields the total differential
Likewise, using the Legendre transformation EϭE R ϪL to exchange E R for the energy in the laboratory frame E ͓see Eq. ͑6͔͒ yields
Obviously, this procedure can be continued to generate many such total differentials. Simply by rearranging terms, Eqs. ͑45͒ and ͑46͒ can be rewritten in the traditional form TdSϭ¯. For many situations, the trap parameters and the particle number are constant ͑i.e., dBϭdV j ϭdNϭ0͒, so Eq. ͑46͒ reduces to the form
TdSϭdEϩdL. ͑47͒
This equation is formally equivalent to the well-known TdS equation for a gas
TdSϭdEϩpdV, ͑48͒
where p corresponds to and V to L. We will make use of this formal correspondence from time to time as we proceed.
A. Maxwell relations
By taking cross derivatives of the coefficients in the total differentials, we obtain many Maxwell relations ͑hundreds͒. Simple examples that follow from Eq. ͑44͒ are the following:
͑51͒
Equations ͑49͒ and ͑50͒ are typical of Maxwell relations in that they connect quantities that at first glance seem unrelated. Of course, the relations are general. Equation ͑51͒ might seem to be a simple reciprocal relation from electrostatics but, in fact, is more general since it involves the plasma response.
It is convenient to work theoretically with the variables T and since these variables enter the Gibbs distribution explicitly. However, these may not be the easiest variables to manipulate experimentally; E and L may be easier to control than T and . For example, it may be easier to calculate the specific heat at constant rotation frequency c ϭT ‫ץ‬S ‫ץ‬T ͪ ͑52͒ but easier to measure the specific heat at constant angular momentum
where B, ͕V j ͖, and N are held constant in both cases. Fortunately, Maxwell relations ͑or combinations of Maxwell relations͒ provide general relations between such quantities. Rather than develop these relations explicitly, we make use of the formal correspondence between the TdS equation for a gas and the TdS equation for a rotating plasma ͓see Eqs. ͑47͒ and ͑48͔͒. Recalling that corresponds to p and L to V, we see that c L corresponds to the specific heat at constant volume c v and c to the specific heat a constant pressure c p . Simply transcribing the well-known relation between c v and c p through the replacements p→ and V→L yields the relation
In the next section, we will show that ‫)ץ/‪L‬ץ‬ T р0 and that c L у0, so Eq. ͑54͒ implies that c уc L у0. Also, we will see that for a large plasma, the relative difference between c and c L vanishes.
Other useful general relations linking derivatives at constant T and to those at constant E and L can also be borrowed from the standard p-V system
The properties of Jacobians can be used to relate the derivative of any quantity A at fixed E to a derivative at fixed T. For example,
A similar relation between derivatives at fixed L and fixed can be derived by substituting L for E and for T in Eq. ͑60͒. Finally, the Jacobian of the transformation from (E,L) to (T,) can be written as
B. Thermodynamic inequalities
The stability of a system in thermal equilibrium against fluctuations away from equilibrium provides several useful inequalities. 19 We begin the derivation of these inequalities by defining the system energy EЈϭEϩ ͚ j q j V j ϩM B, which differs from the plasma ͑or particle͒ energy Eϭ͗H͘ through the addition of the energy associated with the induced image charges and the plasma magnetic moment. EЈ is the total work, including that done by external circuits, required to construct a plasma out of individual charges brought in from infinity to a trap with fixed electrode voltages V j and fixed current in the solenoid that is used to maintain the magnetic field B. Here, as elsewhere in the paper, B is the uniform vacuum field, so constant current is equivalent to constant B. Note that M is small and that terms of order M 2 were neglected in Eϭ͗H͘, when diamagnetic interactions ͑and relativistic corrections͒ were omitted in writing Hamiltonian ͑2͒. The analysis should be thought of as an expansion carried only to first order in M . As the plasma is assembled in the trap, image charges q j run onto the electrodes and the voltage sources for the electrodes do work ͚ j q j V j . Likewise the current source does work M B, the energy associated with mutual inductance between the plasma and the surrounding solenoid. For future reference, we write the TdS equation following from Eq. ͑46͒ in terms of EЈ rather than E:
We consider a plasma that is confined in a trap with fixed electrode voltages V j ϭV j0 , fixed magnetic field B ϭB 0 , and is in contact with a heat, angular momentum, and particle reservoir parametrized by temperature T 0 , rotation frequency Ϫ 0 , and chemical potential 0 . Initially, we postulate that the system is slightly out of equilibrium; it does not have the values of E, L, q j , M , or N that would correspond to (T 0 , 0 ,V j0 ,B 0 , 0 ) in thermal equilibrium. The system adjusts itself by interacting with the reservoir, exchanging energy, angular momentum and particles, and by also interacting with the external circuits that fix the electrode voltages and magnetic field. In what follows these circuits are assumed to have no entropy associated with them, and the plasma and heat reservoir constitute a thermally isolated system ͑no heat is exchanged with the circuits, but work may be done on them͒. For example, a constant voltage can be maintained by a homopolar generator that consists of a massive conducting flywheel that rotates through a transverse magnetic field. The state of the wheel is described by a single degree of freedom, the rotation angle, so there is negligible entropy.
The second law then implies that the total entropy of the plasma and the reservoir must be non-negative in this equilibration process:
Furthermore, the entropy change of the reservoir is related to the heat Q absorbed into the system from the reservoir,
However, the first law for the plasma states that
Qϭ⌬EЈϩW, ͑65͒
where ⌬EЈ is the change in energy of the system ͑including the energy of image charges and the magnetic energy associated with M ͒, and W is the work done by this system. The system can do work as it comes to equilibrium in a number of ways: for instance, induced image charges can flow onto or off of the electrodes, which requires the system to do work Ϫ͚ j V 0 j ⌬q j against the circuits that hold the electrode voltages fixed; angular momentum and particle exchange with the reservoir causes work 0 ⌬LϪ 0 ⌬N to be performed; and a change in magnetic moment ⌬M of the plasma does work ϪB 0 ⌬M against the power supply that fixes the current in the magnetic field solenoid. Adding these contributions yields the relation
This relation can also be obtained directly from Eq. ͑62͒ by considering the change in EЈ at constant entropy, and setting WϭϪ⌬EЈ. Substitution of Eqs. ͑64͒-͑66͒ into Eq. ͑63͒, and then multiplication by the negative constant ϪT 0 implies
is a thermodynamic potential for the plasma. When ϭ 0 , V j ϭV 0 j , and BϭB 0 , ⍀ R ϭE R ϪT 0 SϪ 0 N is the grand potential 19 of the plasma as seen in a rotating frame. From Eq. ͑67͒ we conclude that the thermal equilibrium state achieved by a non neutral plasma connected to a heat, angular momentum and particle reservoir and confined by constant electrode voltages and constant external magnetic field is the state for which the thermodynamic potential ⍀ R is minimized.
Let us now examine the consequences of this result by considering small fluctuations of the system away from thermal equilibrium to some nearby state, under the conditions that T 0 , 0 , V 0 j , B 0 , and 0 are fixed. Since the system started in thermal equilibrium the thermodynamic potential ⍀ R must increase away from equilibrium, and we can use this fact to determine thermodynamic inequalities. Say that there are P electrodes. Then let ͕ k ͖, kϭ1,...,Pϩ4, be any complete set from the Pϩ4 conjugate pairs of thermodynamic variableŝ
Note that Ϫ, the rotation frequency of the plasma, is the variable conjugate to the plasma angular momentum. The term ''conjugate'' is used here in the sense that conjugate pairs are connected by a derivative of the system energy ͓see Eq. ͑62͔͒. The nearby state to which the system has been perturbed is assumed to be characterized by changes in the k 's by small amounts ␦ k . The change in ⍀ R compared to the minimum equilibrium value is then
where the inequality follows from the fact that ⍀ R is minimized in the thermal equilibrium for which ␦ k ϭ0. Now since ␦ k can be either positive or negative, the first variation of ⍀ R must vanish, implying
By using the definition of ⍀ R in Eq. ͑68͒ and substituting for ‫ץ‬EЈ/‫ץ‬ j from Eq. ͑62͒, we can rewrite Eq. ͑71͒ as
This equation implies that the thermal equilibrium state is such that 
where only the top half of the matrix is displayed because it is symmetric:
͑This symmetry provides a set of Maxwell relations for the system.͒ Stability implies that the eigenvalues of this matrix are non-negative, which yields Pϩ4 thermodynamic inequalities. These inequalities form a necessary and sufficient set of criteria for stability of the equilibrium against fluctuations in any of the thermodynamic variables.
However, the eigenvalues are quite complicated in form, so we consider a simpler set of inequalities, which only form a necessary set of criteria for stability ͑they are not sufficient͒. Considering fluctuations in only one of the k 's at a time implies that each diagonal element, ‫ץ‬ 2 ⍀ R ‫ץ/‬ k 2 , must be non-negative. For example, we find
which implies that the specific heat at constant L, ͕q j ͖, M , and N is non-negative, provided that Tу0. It is also worthwhile to write out the other inequalities explicitly:
The fact that these inequalities are necessary but not sufficient for stability can be seen by allowing variations in more than one parameter. For example, consider variations in both S and L. Then the determinant of the 2ϫ2 matrix composed of the upper left-hand side of ‫ץ‬ 2 ⍀ R ‫ץ/‬ j ‫ץ‬ k must be non-negative, which implies that
providing more stringent bounds for both ‫ץ‬T/‫ץ‬S and ‫‪L‬ץ/ץ‬ than are provided by Eqs. ͑75͒ and ͑76͒. Equations ͑75͒-͑79͒ reflect stability along one particular set of directions, given by ͕ k ͖ϭ͕S,L,͕q j ͖,M ,N͖, but more information may be uncovered by considering other directions. The inequalities so obtained take the simplest forms when only one of each conjugate pair in Eq. ͑69͒ is employed as a k . For example, choose ͕ k ͖ ϭ͕T,L,͕V j ͖,B,N͖, and take k ϭL in Eq. ͑72͒. Then taking another derivative with respect to L yields
where we have employed the equilibrium conditions, Eq. ͑73͒, after taking the derivative. Figure 6 illustrates this inequality for the special case of a small cold ( D Ӎ0) plasma in a quadratic trap potential. Likewise, taking k ϭT in Eq. 
The inequalities c L у0 and ‫)‪L‬ץ/ץ‬ T р0 are the analogs of the inequalities c v у0 and ‫ץ‬p/‫ץ‬V) T р0 for a gas. The latter two inequalities can be understood physically as the conditions for temperature and mechanical stability when the gas is in contact with a reservoir characterized by fixed temperature and pressure. Likewise, the inequalities c у0 and ‫)‪L‬ץ/ץ‬ T р0 are necessary for temperature and rotation frequency stability when the plasma is in contact with a reservoir characterized by fixed temperature and fixed rotation frequency. In thinking about frequency stability, it is necessary to remember that Ϫ is the rotation frequency, so it may be useful to rewrite ‫)‪L‬ץ/ץ‬ T р0 as ‫(ץ‬Ϫ)/‫ץ‬L) T у0. Suppose, for example, that a fluctuation makes Ϫ larger ͑more positive͒ than the rotation frequency of the reservoir. The reservoir will then exert a negative torque on the plasma, opposing the differential rotation. The two inequalities ⌬L Ͻ0 and ‫(ץ‬Ϫ)/‫ץ‬L) T Ͼ0 then imply that ⌬(Ϫ)Ͻ0, which is a frequency change of the sign required to restore equilibrium.
The inequality ‫ץ‬V j /‫ץ‬q j ) T,L,͕V k j ͖,B, у0 also follows from a straightforward physical picture. As V j is increased ͑holding the other parameters fixed͒, a plasma consisting of positive charges is pushed away from electrode j, so the ͑negative͒ image charge on that electrode is decreased in magnitude.
The inequality ‫ץ‬M /‫ץ‬B) T,,͕V j ͖,N у0 implies that the magnitude of the plasma's ͑negative͒ magnetic moment M decreases as B increases, which may be counterintuitive at first glance since one expects the magnitude of the plasma magnetization to increase as B increases. In fact, the magnetization does tend to increase as B increases. However, the average magnetization is the magnetic moment divided by the plasma volume, and as B increases the plasma volume decreases since the plasma radius tends to shrink. It is the decrease in plasma volume which allows the magnetization to increase in magnitude even though the magnetic moment decreases in magnitude.
Finally, we may like to fix E rather than S or T. For example, consider variations of L at fixed E, V j , B, and N. Taking k ϭL in Eq. ͑72͒, and then taking another derivative with respect to L yields the inequality
However, Eq. ͑46͒ implies that T‫ץ‬S/‫ץ‬L) E,͕V j ͖,B,N ϭ, so we can write Eq. ͑82͒ as
. ͑83͒
C. Fluctuations
The thermodynamic inequalities discussed in the previous section can be related to the magnitude of fluctuations in the plasma, and some of these relations may be of physical 
͑84͒
These averages can be expressed as derivatives of the canonical partition function Z c . Using Eqs. ͑29͒, ͑30͒, and ͑37͒, one finds
͑85͒
and a modification of the argument that led to Eq. ͑37͒ yields
Putting these averages together in Eq. ͑84͒ yields
where in the last two steps we used Eq. ͑85͒ and Maxwell's relation, ͑51͒. The subscripts on ͗␦q i ␦q j ͘ T, point out that the average is performed in a constant T and ensemble ͑the canonical ensemble͒. Averages over the microcanonical ensemble will be discussed presently.
When iϭ j the fact that ͗␦q i 2 ͘ T, must be non-negative provides us with an inequality similar to Eq. ͑77͒. Furthermore, fluctuations in image charge may be of some interest since Eq. ͑86͒ shows that they provide a measure of the temperature of the plasma. A similar relation can be derived involving the magnetic moment M of the plasma:
which provides us with an inequality similar to that given by Eq. ͑78͒. Measurements of fluctuations in M , through the use of a circuit connected to an external inductance coupled to the plasma, for example, could also provide a temperature diagnostic.
Another useful relation follows from consideration of fluctuations in the function (1/N) ͚ i r i 2 . The thermal equilibrium average of this function is the mean-square cylindrical radius, ͗r 2 ͘, and this average can be obtained by taking a derivative of the free energy with respect to :
.
͑88͒
Fluctuations in (1/N) ͚ i r i 2 can be related to a derivative of ͗r 2 ͘ using arguments analogous to those that led to Eq. ͑86͒:
͑89͒
This relation implies that
When ⍀ v is positive, the mean-square radius shrinks as increases, but when ⍀ v becomes negative ͗r 2 ͘ expands. Since Eq. ͑90͒ implies that the left-hand side of Eq. ͑92͒ is less than or equal to zero, we find the inequality
which is an improvement over inequality ͑76͒. Note that the right-hand side of Eq. ͑93͒ is the negative of the rotational inertia of the plasma. Equation ͑93͒ again points out that Eqs. ͑75͒-͑79͒ are necessary but not sufficient conditions for a stable equilibrium.
It is important to point out that the fluctuations in Eqs. ͑86͒, ͑87͒, and ͑89͒ are assumed to occur in a system at fixed and T. We have added subscripts to the averages in order to point this out explicitly. However, it is presumably fluctuations at fixed L and E that are of interest in many experimental measurements. Although we have said that averages in the microcanonical ͑fixed L and E͒ and canonical ͑fixed and T͒ ensembles are identical for large systems, this statement must be modified when fluctuations are considered. A more precise statement is that averages of intensive quantities in the two ensembles are identical to O(1/N) . However, for fluctuations these O(1/N) corrections are important, and the two ensembles may provide different results in the thermodynamic limit. One trivial example is that in the microcanonical ensemble ͗␦P 2 ͘ E,L ϭ0, whereas in the canonical en- 
where B, ͕V j ͖, and N are also held fixed throughout. In Sec.
V we will consider the case of a large trapped plasma and
show that the mean-square fluctuations ͗␦q i ␦q j ͘ E,L and ͗␦M 2 ͘ E,L are smaller than the fluctuations at constant T and , and are given by:
͑96͒
These results differ from Eqs. ͑86͒ and ͑87͒ because L is held fixed in the derivatives, rather than . Another example of a fluctuation for which there is a difference between ensembles in the large plasma limit is the rms fluctuation in the z component of the kinetic energy,
2 . This quantity can be followed in computer simulations, and may also be observable using laser diagnostics in actual experiments, since these diagnostics can determine components of the particle velocities. In the canonical ensemble straightforward integrals over the Maxwellian velocity distribution imply that ͗K z ͘ϭNkT/2, so the measurement of ͗K z ͘ provides one with the temperature. Fluctuations in K z are also related to T through averages over a Maxwellian:
However, using Eq. ͑94͒ one finds that in the constant E and L ensemble the mean-square fluctuation is different:
͑98͒
There can be a considerable difference between Eqs. ͑97͒ and ͑98͒. For example, for a large weakly correlated electron plasma for which the cyclotron motion is quantized and in the ground state ͑but motion parallel to B remains classical͒, 
D. Adiabatic processes
Some experiments involve adiabatic processes for which Sϭconstant. For example, the rate of work done on the plasma due to different adiabatic processes is given by ͓see Eq. ͑46͔͒
Typically, adiabatic expansions are carried out by varying a sector voltage V j at constant L. The temperature change in such a process is
where we have employed Eq. ͑53͒ and the Maxwell relation,
͑101͒
Adiabatic expansions can also be carried out by varying the magnetic field. The temperature change would then be given by
. ͑102͒
V. THERMODYNAMIC FUNCTIONS FOR A LARGE TRAPPED PLASMA
As discussed in Sec. III B, large trapped plasmas have a uniform density out to some surface of revolution where the density falls to zero in a thin surface sheath. The uniform density is related to and ⍀ c through Eq. ͑12͒. The interior of the trapped plasma is statistically equivalent ͑including all correlations͒ to an infinite homogeneous OCP. In this section, we relate the thermodynamic functions of a large trapped plasma to those of an OCP, which are well known.
We say that the trapped plasma is large when the thickness of the surface sheath is small compared to both the length and the radius of the plasma. The volume of the surface sheath is then small compared to the total plasma volume. As discussed in Sec. III B, is of order D for a weakly correlated plasma and of order ␣n Ϫ1/3 for a strongly correlated plasma, where the factor ␣ is near unity for a fluid state but can be a few tens for a crystal state.
A. Relation between energies
The first step in this program is to obtain a relation between the energies. The energy of a trapped plasma as viewed in the rotating frame is given by
is the two-particle spatial distribution. In writing Eq. ͑103͒ we used the fact that the velocity dependence in f c is a product of Maxwellians in the rotating frame. Setting N͑NϪ1 ͒͑ r 1 ,r 2 ͒ӍN 2 ͑r 1 ,r 2 ͒ ϵn͑r 1 ͒n͑ r 2 ͓͒1ϩg͑ r 1 ,r 2 ͔͒, ͑105͒
where g(r 1 ,r 2 ) is the spatial correlation function, yields the result 
͑106͒
For a large plasma, the second of the three terms in this expression is much larger than the other two. It is useful to compare this term to the energy of a zero temperature meanfield plasma
where n (0) (r) is equal to n Ϫ ϭm(⍀ c Ϫ)/2e 2 out to the surface of the cold mean-field plasma and is zero beyond. The surface is a sharp boundary because D ϭ0 for Tϭ0. The cold mean-field plasma is assumed to have the same number of particles, the same rotation frequency, and the same trap parameters as the actual plasma. The density difference ⌬n(r)ϵn(r)Ϫn (0) (r) is nonzero only within a distance of the surface; both n(r) and n (0) (r) must equal n Ϫ in the plasma interior. Spatial oscillation ͑or simply spatial variation͒ of n(r) is possible only within the surface layer, because knowledge of the surface position is necessary to define the phase of the oscillation. Thus for a large plasma, E R (0) is close in value to the second term in the expression for E R in Eq. ͑106͒.
Formally, we will show that the difference is negligible in the limit where the volume of the surface layer is negligible compared to the volume of the plasma as a whole. To this end, consider the difference 
͑108͒
The second term can be rewritten as ͐d 3 r 1 e⌬n(r 1 )͓ R (r 1 ) ϩ p (0) (r 1 )͔, where p (0) (r 1 ) is the space-charge potential for the cold mean-field plasma. For a cold mean-field plasma ͑i.e., D ϭ0͒, the condition ٌ( R ϩ p (0) )ϭ0 must hold out to the sharp bounding surface, so we set R (r)ϩ p (0) (r) equal to a constant ͑say, C͒ over the whole interior. Because the cold mean-field plasma and the actual plasma have the same number of charges, ͐d 3 r⌬n(r) is zero. Thus the second term in Eq. ͑108͒ can be rewritten as
where the integral is over the volume outside the cold meanfield plasma. The density n(r 1 ) is nonzero only out to a distance beyond the surface of the cold mean-field plasma. Near the surface, R (r)ϩ p (0) (r) differs from C only by a small amount
where n is the normal to the surface and x is the distance from the surface, and the derivatives are evaluated just outside the surface. First order terms in x vanish since ٌ( R ϩ p (0) ) is zero inside and continuous at the surface. Thus integral ͑109͒ is of order
where A is the surface area of the plasma. By setting An Ϫ ϭN⌬V/V, where ⌬V is the volume of the correlation-length-thick surface shell and V is the volume of the plasma as a whole, and recalling that is of order D or ␣n
Ϫ1/3
, we obtain the estimates N(⌬V/V)kT or
. The first term in Eq. ͑108͒ is of order NkT and the last of order Ne 2 n Ϫ1/3
, so the second term is negligible for sufficiently small ⌬V/V.
Similarly, the third term in Eq. ͑108͒, for which the integrand is nonzero only when both r 1 and r 2 are within a length of the surface, is another surface contribution. One can see this by writing this term as 2 n Ϫ n Ϫ 2 , which is the same estimate that was obtained for the second term. Thus the third term also is negligible in the limit ⌬V/V→0.
Also in this limit, we can neglect contributions to the integral in the fourth term for r 1 and r 2 values within the surface layer. In the plasma interior, we may set n(r) ϭn Ϫ , g(r 1 ,r 2 )ϭg(r 1 Ϫr 2 ), and G(r 1 ͉r 2 )Ӎ͉r 1 Ϫr 2 ͉ Ϫ1 ; so Eq. ͑108͒ reduces to the result
is the internal energy of an infinite homogeneous OCP. 11 The first term is the mean kinetic energy and the second the correlation energy. Again we note that the mean-field electrostatic energy dominates the energy of a large trapped plasma, that is, E R (0) is much larger than U OCP . In an OCP this meanfield energy does not appear because there really is a uniform neutralizing background charge present, and the self-energy of this background just cancels E R (0) . Here we argued that the surface contribution to the free energy is small for sufficiently small ⌬V/V, and then we neglected this contribution. For the case of slab geometry, the surface contribution can be calculated and compared in detail to the bulk contribution. The interesting case is that of a crystal state, and for this case the plasma must be about 60 lattice planes across for the bulk free energy to dominate. 32 This is consistent with our estimate that a surface sheath for a large spheroidal plasma is a few tens of interparticle spacings.
B. Free energy of an OCP
Following custom, we denote the correlation energy by U corr and introduce the scaled correlation energy 11, 12 
which depends only on the coupling parameter ⌫ϭe 2 /akT. Here a is the Wigner-Seitz radius ͑i.e., 4a 3 n/3ϵ1͒. The scaled correlation energy has been determined for the full range of ⌫ values and is available in the literature.
11,12
The free-energy F OCP is related to U OCP through the equation ͓see Eq. ͑31͔͒
By integrating with respect to T we obtain
where T 0 is a reference temperature where F OCP is known. By using dT/TϭϪd⌫/⌫, we obtain
͑118͒
where the integral is now in a form that can be evaluated using the known function U OCP /NkT(⌫). For a plasma in the fluid state, T 0 is chosen to be very high so that F OCP (T 0 ,n,N) is the well-known free energy of a weakly correlated plasma ͑ideal gas͒. 11, 12 For a plasma in a crystal state one chooses T 0 to be very low, so that F OCP (T 0 ,n,N) is the well-known free energy of a harmonic lattice. 11, 12 Other thermodynamic functions are obtained in the usual manner through partial derivatives of the free energy ͓e.g., S OCP ϭϪ‫ץ‬F OCP /‫ץ‬T) n,N ͔. For future reference, we note two of these functions here. The pressure
is given by 12 pϭnkT ͫ 1ϩ 1 3
U corr NkT
͑⌫͒ ͬ .
͑120͒
In the limit of weak correlation (⌫Ӷ1), the second term in the bracket is negligible compared to unity, and we recover the pressure for an ideal gas, pϭnkT. Also, we will need the specific heat at constant density 12 c n ϭT
͑121͒
which is easily obtained from Eqs. ͑114͒ and ͑115͒ using T‫ץ‬S OCP /‫ץ‬T) n,N ϭ‫ץ‬U OCP /‫ץ‬T) n,N . In the limit of weak correlation, we recover the specific heat for an ideal gas c n ϭ3Nk/2.
C. Relation between the free energies
Returning to the original question of the relationship between F R and F OCP , we note that Eqs. ͑31͒, ͑113͒, and ͑116͒ together with the fact that E R (0) is independent of temperature imply the relation
When carrying out the temperature derivative, everything else is held constant. In F R and E R (0) , the quantities (,B,͕V j ͖,N) are held constant, and in F OCP the quantities (n,N) are held constant. One should note here that n is implicitly a function of and B through Eq. ͑12͒. Integrating Eq. ͑122͒ with respect to T yields the relation
where g is some temperature-independent function. Using SϭϪ‫ץ‬F R /‫ץ‬T and S OCP ϭϪ‫ץ‬F OCP /‫ץ‬T then yields SϪS OCP ϭg. Since S and S OCP must vanish at Tϭ0 according to the third law and since g is independent of T, we may conclude that gϭ0 and that
where n is an implicit function of and B through Eq. ͑12͒.
D. Other thermodynamic variables
The free energy is expressed in terms of the primary thermodynamic variables ͕ k ͖ϭ͕T,Ϫ,B,͕V j ͖,N͖, and the conjugate variables ͕⌳ k ͖ϭ͕S,L,M ,͕q j ͖,Ϫ͖ are obtained as the partial derivatives ⌳ k ϭϪ‫ץ‬F R ‫ץ/‬ k . ͓See Eq. ͑44͒. Note that the term ''conjugate'' is used in a slightly different sense than in Eq. ͑69͒, since there it was convenient to connect conjugate variables through derivatives of the system energy rather than the free energy. This accounts for the appearance of Ϫ rather than in the set of ⌳ k .͔ From separation ͑124͒ we will obtain ⌳ k ϭ⌳ k (0) ϩ⌳ k (1) , where
Here, all variables except k are held constant when carrying out the derivatives. Before proceeding to evaluate such derivatives, it is useful to recall the distinct properties of E R (0) and F OCP . As mentioned earlier, E R (0) is much larger than F OCP . Also, E R
increases with N faster than the first power, that is, E R (0) is nonextensive in the limit N→ϱ; whereas, F OCP is proportional to N and so is extensive. Thus the nonextensive dependence enters only through E R (0) , and that dependence is particularly simple because E R (0) does not depend on temperature ͑or on the state of correlation͒. E R (0) is completely determined by n ͓or, equivalently, by (⍀ c Ϫ)͔, and the shape and size of the cold mean-field plasma. The shape is determined by some combination of , N, B, and ͕V j ͖. In contrast, F OCP /N depends on n and T ͑and through these on the correlation state͒, but does not depend on plasma shape.
The entropy SϭϪ‫ץ‬F/‫ץ‬T) ,B,͕V j ͖,N is special since E R
is independent of T. We obtain 29, 8 SϭS
where use has been made of Eq. ͑12͒ to equate ‫)‪T‬ץ/ץ‬ ,B to ‫)‪T‬ץ/ץ‬ n . A corollary is the result:
where c n is given in Eq. ͑121͒. Thus SϭS OCP is extensive, and S/Nϭs(n,T) is intensive and is determined by n and T alone regardless of the plasma shape. 8, 28 In contrast, E R (0) makes large ͑nonexten- 
dn. ͑130͒
The first coefficient can be written as
where c n is given in Eq. ͑121͒. By using Eqs. ͑119͒ and ͑126͒, the second coefficient can be written as
where p(n,T) is given in Eq. ͑120͒. Substituting into Eq. ͑130͒ yields the result
which is well known from the thermodynamics of fluids. 33 In Sec. IV D we evaluated the change in temperature under adiabatic changes in V j and B. For a large plasma, the entropy per particle is only a fraction of T and n, so we should obtain the change in temperature under an adiabatic change in density;
In an uncorrelated plasma pϭnkT and c n ϭ3/2Nk, and we find the usual adiabatic relation between T and n for an ideal gas:
However, in a strongly correlated plasma the relation is modified, since both p and c n depend on ⌫; see Eqs. ͑120͒ and ͑121͒. For ⌫տ3 the pressure actually changes sign as U corr /NkT becomes large and negative, so one might imagine that during an adiabatic expansion the correlated plasma might actually heat rather than cool. However, this is not the case, although the rate of cooling during the expansion is reduced compared to Eq. ͑135͒. 8 In fact, using Eq. ͑120͒, Eq. ͑134͒ can be expressed succinctly in terms of the specific heat, which is nonnegative:
͑136͒
Adiabatic expansion has been proposed as a method of cooling trapped pure electron plasmas.
To evaluate
and (0) , we need an expression for E R (0) (,B,͕V j ͖,N), which depends on the plasma shape. Fortunately, E R (0) can be calculated analytically for two geometries that are commonly used in experiment.
The first is the case of a long column. Suppose that the length of the central cylinder in Fig. 1 is much larger than the radius ͑i.e., lӷR p ͒. The shape of the zero temperature meanfield plasma can then be approximated by a right circular cylinder of length l and radius R p . The number of particles is given by
NϭR p
2 ln, ͑137͒
and expression ͑107͒ for E R (0) reduces to the simple form
where R p is related to (N,,B) through Eqs. ͑12͒ and ͑137͒ and R w is the radius of the cylindrical trap electrodes. A superscript zero has not been added to N, since by definition the cold mean-field plasma has the same number of particles as the actual plasma ͑i.e., NϭN (0) ͒. As an example of Eq. ͑125͒, we evaluate the derivatives
and
Alternatively, these results can be obtained by evaluating 
Since the plasma is assumed to be far from the electrodes, one can see that the plasma shape has little effect on the induced charge, as expected. Also, the induced charge is completely independent of the plasma radius when the plasma is spherical, which also follows from symmetry arguments.
As an example of the finite temperature correction to these zero temperature mean-field quantities, we evaluate
͑146͒
With the aid of Eqs. ͑12͒ and ͑119͒, this reduces to
where p(n,T) is given in Eq. ͑120͒. This result plus the relation Lϭm(⍀ v /2)͗r 2 ͘ yields the temperature correction to the mean square radius
where use has been made of Eq. ͑12͒. This result is valid for large plasmas in any confinement geometry. For a weakly correlated plasma, where pϭnkT is positive, the pressure causes a slight increase in the mean-square radius ⌬͗r 2 ͘
ϭkT/e 2 nϭ D 2 /4. For a strongly correlated plasma, where pϳϪne 2 /a is negative, the pressure ͑i.e., correlation͒ causes a slight decrease in the mean-square radius ⌬͗r 2 ͘ϳϪ1/na ϳϪa 2 . Equation ͑148͒ was obtained first for the special case of a weakly correlated infinitely long column. 35, 36 Another example of a temperature correction is
͑149͒
where Eq. ͑12͒ has been used to show that ‫ץ‬n/‫ץ‬V j ) ,B ϭ0. Thus the charge q j does not vary with T assuming that and B are held constant. However, if is replaced by its conjugate variable L, we obtain a nonzero correction
where use has been made of Eq. ͑119͒ and p(n,T) is given by Eq. ͑120͒. As a specific example, for an uncorrelated plasma in a hyperbolic trap, Eq. ͑17͒ can be used with Eqs.
͑20͒-͑27͒ to obtain
Ϫq ring
where V 0 is the potential difference between the cap and ring electrode ͓see Eq. ͑17͔͒. Since d␣/d␤Ͼ0 Eq. ͑151͒ implies that charge flows off the cap electrode and onto the ring electrode as temperature increases at constant L. Consequently, measurements of q j might provide useful temperature information, although the effect is small: for V 0 ϭ1 V in a spherical plasma for which ⍀ v ӷ z , Eq. ͑151͒ predicts that a temperature change of 1 K induces a charge ⌬q on the electrodes of magnitude ͉⌬q/eN͉ϭ5ϫ10 Ϫ5 . In the next section, we will need two results for large plasmas that follow simply from the extensive and nonextensive character of certain quantities. Since ‫)ץ/‪L‬ץ‬ T is nonextensive ͑increasing faster than N͒ and ‫ץ‬L/‫ץ‬T) is extensive ͑increasing like N͒, Eq. ͑54͒ implies that the relative difference ͉c Ϫc L ͉/Nk approaches zero for sufficiently large N. It may be instructive to evaluate the difference ͉c L Ϫc ͉ for the case of a long, weakly correlated plasma. Combining Eqs. ͑54͒, ͑147͒, and ͑141͒ yields the result
Ӷ1. ͑152͒
Likewise, for a sufficiently large plasma we conclude that
͑153͒
Again, for the case of a long, weakly correlated plasma, Eqs. ͑147͒ and ͑141͒ imply the result
Ӷ1. ͑154͒
In Sec. IV C, we promised to verify Eqs. ͑95͒ and ͑96͒ for the case of a large plasma. In order to do so we first note that
Next, we employ Jacobian transformations to write
where we used Eqs. ͑55͒, ͑58͒, and ͑61͒. We can also employ Eqs. ͑59͒ and ͑60͒ to write
When Eqs. ͑155͒-͑157͒ are employed in Eq. ͑94͒, we obtain
where here G is either q j or M . Now, for a large plasma c ϭc L , ‫ץ‬q j /‫ץ‬T) ϭ0, and ͉‫ץ‬M /‫ץ‬T) ͉Ӷ͉/T‫ץ‬M ‫)ץ/‬ T ͉. The first two relations were proven in Eqs. ͑152͒ and ͑149͒, and the last follows from the Maxwell relation ‫ץ‬M /‫ץ‬T) ,B,͕V j ͖,N ϭ‫ץ‬S/‫ץ‬B) T,,B,͕V j ͖,N together with the fact that S is extensive in the large plasma limit. When these relations are employed in Eq. ͑159͒ and small terms are dropped, we find
Since ‫)ץ/‪L‬ץ‬ T р0 it follows that the fluctuations in M or q j at fixed E and L are smaller than fluctuations at fixed T and . Equation ͑160͒ can be further simplified using Maxwell relations. For example, using Eq. ͑50͒ we can transform
where throughout we hold ͕V j ͖ and N fixed along with the specified variables. However,
, and when this relation is used in Eq. ͑161͒ and the result is compared to Eq. ͑87͒ we find that for a large plasma
An identical argument implies that in the large plasma limit
Although these results differ from Eqs. ͑86͒ and ͑87͒, because L is fixed rather than in the derivatives, the righthand sides of Eqs. ͑162͒ and ͑163͒ are non-negative according to the general arguments of Sec. IV B.
VI. THERMODYNAMIC APPROACH TO TRANSPORT
As discussed in Sec. II B, a collection of point charges that interact electrostatically in an ideal trap ͑time-independent and cylindrically symmetrical electrode structure and trap fields͒ is characterized by two constants of the motion, HϭE and P ϭL. However, for a real plasma in a real trap, such effects as collisions with neutrals, radiation, and interaction with small ͑but unavoidable͒ field errors produce slow changes in E and L. Also, laser beams and rotating field asymmetries are often applied to produce changes in E and L. We assume that these changes are slow compared to the time for Coulomb collisions to bring the plasma to thermal equilibrium, so the plasma evolves through a sequence of thermal equilibrium states, and the slow evolution of E and L translates to a slow evolution of T and . Thermodynamics provides a simple framework for the description of this late time transport. Throughout this section we assume that the particle number and trap parameters are held constant ͑i.e., dNϭdV j ϭdBϭ0͒, so the TdS equation reduces to the simple form given in Eq. ͑47͒.
A. Direction of evolution
In some cases, thermodynamics alone can tell us the sign of the change in quantities and the direction of evolution. As a simple example, consider the sign of the torque that a static field error ͑asymmetry͒ exerts on a rotating plasma. Of course, one's intuition is that the torque is a drag that opposes the rotation, but how can we prove this? Fundamentally, the intuition is an expression of the second law of thermodynamics. Since the field asymmetry is static, that is, does not introduce explicit time dependence into H, H is still a constant of the motion and we can set dEϭ͗dH͘ϭ0 in Eq. ͑47͒ to obtain the result 0рTdSϭdLϭϪ͑Ϫ͒dL, ͑164͒
where the inequality expresses the second law. Thus the plasma rotation frequency (Ϫ) and dL have opposite signs, that is, the torque L ϭdL/dt opposes the rotation. For a plasma of positive charges, the rotation frequency is negative ͑i.e., Ͼ0͒ so L is positive. Next, let us suppose that some other effect, say, laser cooling, maintains the plasma temperature at a constant value without exerting a torque. Then the relation ϭ(‫ץ/ץ‬L) T L plus the inequalities ‫)‪L‬ץ/ץ(‬ T р0 and L Ͼ0 imply that is negative. The stationary field asymmetry slows the plasma rotation much as a caliper brake slows the rotation of a freely spinning bicycle wheel.
To make this discussion more concrete, let us reexamine Fig. 5 . Suppose that the torque laser is turned off when the plasma rotation frequency is at the far right of the curve, that is, is large. The plasma is then subject to the unbalanced torque of ambient field errors so L Ͼ0. Further, suppose that the cooling laser, which exerts negligible torque, is left on and maintains the temperature at some low fixed value. Our analysis then predicts that the plasma frequency decreases monotonically, and such evolution is observed.
For fixed T, the direction of evolution of determines the direction of evolution of all other quantities. For example, from Fig. 5 , one can see that starting at large , R p (t) decreases until (t)ϭ⍀ c /2 and then R p (t) increases. Incidentally, this kind of radial evolution is not limited to the case of a quadratic trap potential. Inequality ͑90͒ together with Ͻ0 implies that
is negative for (t)Ͼ⍀ c /2 and positive for (t)Ͻ⍀ c /2. The use of a rotating field asymmetry, say, 0 (r,z, ϩ 0 t), has proven to be an effective way of exerting a torque that counteracts the torque due to static field asymmetries. 3, 4 When the rotating field asymmetry is applied ͑but there are no static asymmetries͒, the new trap potential is T (r,,z,t)ϭ T (r,z)ϩ 0 (r,z,ϩ 0 t). The Hamiltonian is then time dependent so Eϭ͗H͘ is not constant. However, the Hamiltonian in a frame that rotates with frequency Ϫ 0 ͓i.e., HЈϭHϩ 0 P ͔ is time independent so EЈϭEϩ 0 L is constant. Substituting 0ϭdEЈϭdEϩ 0 dL into Eq. ͑47͒ and again imposing the second law yields the result 0рTdSϭϪ͑ 0 Ϫ͒dL. ͑166͒
Thus the torque opposes the differential rotation. For example, the torque is in the same direction as the plasma rotation if the field asymmetry rotates faster than the plasma. Not surprisingly, when a cooling mechanism maintains T at a fixed value without exerting an additional torque, the inequality ‫)ץ/‪L‬ץ‬ T р0 implies that the plasma rotation frequency evolves monotonically to the rotation frequency of the asymmetry, 0 .
It is important to remember that the rotating asymmetry does work whenever it exerts a torque ͓i.e., Ė ϭ 0 L 0 ͔. If the rotating asymmetry is used to counteract ambient torques, say, due to static field errors, then the plasma can remain in steady state only if a cooling mechanism extracts energy at the rate 0 L 0 .
Equation ͑166͒ also can be derived by using the thermodynamic potential ⍀ R , that was defined in Eq. ͑68͒. One treats the field asymmetry and the process that maintains the temperature at a fixed value as a heat and angular momentum reservoir. The reservoir is assumed to be fixed at the initial temperature T of the plasma and the rotation frequency Ϫ 0 of the field error. The heat transfer is assumed to be suffi-ciently effective that the plasma remains in temperature equilibrium with the reservoir even though it is not in frequency equilibrium with the reservoir. The thermodynamic potential ⍀ R must decrease as the plasma evolves toward frequency equilibrium with the reservoir. Thus we obtain
where the partial derivative was evaluated by setting k ϭL, TϭT 0 , V j ϭV j0 , and BϭB 0 in Eq. ͑72͒. Again, we find that the torque opposes the differential rotation, which together with the inequality ‫)‪L‬ץ/ץ‬ T р0 implies that the rotation frequency of the plasma evolves toward that of the field asymmetry.
B. Evolution equations
If the plasma passes through a sequence of thermal equilibrium states characterized by fixed values of N, ͕V j ͖, and B, the temperature and rotation frequency at any instant can be expressed as TϭT(E,L) and ϭ(E,L). The time derivative of these equations,
governs the plasma evolution, where Ė ϭĖ (,T, j ) and L ϭL (,T, j ) are functions that describe the rate of energy and angular momentum exchange with various external agencies. For example, suppose that the plasma energy and angular momentum are changing as a result of collisions with neutrals. Ė and L then depend on the plasma state ͑i.e., on and T͒ and on some parameters j that characterize the neutrals, such as the neutral density and temperature. Likewise, for interaction with a laser beam, Ė and L are determined by the plasma state ͑i.e., and T͒ and by parameters j such as the intensity and frequency of the laser light. Assuming that the parameters j are constant, or known functions of time, the plasma evolution is governed by two ordinary differential equations for the time evolution of T and . This reduction in complexity from the partial differential equations typically required to describe transport is possible because the plasma passes through a sequence of thermal equilibrium states.
With the aid of Eqs. ͑55͒-͑60͒, ͑157͒ and ͑158͒, Eqs. ͑168͒ and ͑169͒ can be rewritten as
͑172͒
It is often more convenient to write Eq. ͑170͒ as
where use has been made of Eqs. ͑54͒ and ͑171͒. This equation could have been written down directly by taking the time derivative of the mixed function ϭ(L,T). By using Maxwell relations, the coefficients of Eqs. ͑171͒ and ͑173͒ can be written in many ways. However, one can see that only c and the function LϭL(,T) are needed to evaluate the coefficients.
For the case of a large plasma, Eqs. ͑128͒, ͑152͒, ͑153͒, and ͑147͒ imply that evolution equations ͑171͒ and ͑173͒ reduce to the simple form
where p(n,T) and c n (n,T,N) are given in Eqs. ͑120͒ and ͑121͒. Here, the n dependence in p and c n is determined by through Eq. ͑12͒. For the special case of a weakly correlated plasma, c n and (1/n)(‫ץ‬p/‫ץ‬T) are the constants 3Nk/2 and k, respectively. In Eqs. ͑174͒ and ͑175͒ only the coefficient ‫)ץ/‪L‬ץ‬ T Ӎ‫ץ‬L (0) ‫ץ/‬ depends on the plasma shape; the other coefficients are explicit functions of and T that are independent of plasma shape. Also, we have explicit expressions for ‫ץ‬L (0) ‫ץ/‬ for the case of a long plasma ͓see Eq. ͑141͔͒ and for the case of a spheroidal plasma ͓see Eq.
͑144͔͒.
As an application of these equations, let us return to the example considered in the last section. A static field error acts on the plasma producing a positive torque (L Ͼ0), and a cooling laser maintains the temperature at some fixed value without exerting a torque. From Eq. ͑174͒, one can see that energy extraction, rather than input, is required. Setting Ṫ ϭ0 immediately yields Ė ϭϪL Ͻ0. As discussed earlier, a static field error cannot change E, so the cooling laser alone produces Ė . Note that energy must be extracted whether ͗r 2 ͘ is decreasing ͑for Ͼ⍀ c /2͒ or increasing ͑for Ͻ⍀ c /2͒.
When ͗r 2 ͘ is decreasing, the electrostatic energy is increasing, but the rotational kinetic energy is decreasing fast enough that the total energy is decreasing. Next suppose that the cooling laser is turned off. For Ė ϭ0, Eqs. ͑174͒ and ͑175͒ reduce to the form
͑177͒
where L Ͼ0 and c n Ͼ0 have been used. For a large plasma, the coefficient of Ṫ /T on the right-hand side of Eq. ͑177͒ is small. The numerator is extensive ͑increasing like N͒ and the denominator is nonextensive ͑increasing faster than N͒ so the ratio becomes small for large N. A simple estimate for the case of a weakly correlated plasma ͓along the lines of the estimates in Eqs. ͑152͒ and ͑154͔͒, shows that the coefficient
. Thus Eq. ͑177͒ implies that ͉ /͉Ӷ͉Ṫ /T͉; the plasma temperature rises substantially before the rotation frequency can change by a significant amount.
Nevertheless, it is interesting to consider the sign of . Eliminating Ṫ yields the relation
The coefficient of L is simply ‫)‪L‬ץ/ץ‬ E , as can be seen by taking the time derivative of ϭ͓L,T(L,E)͔ holding E constant. Thermodynamic inequalities ͑81͒ and ͑83͒ insure that ‫)‪L‬ץ/ץ‬ T р0 and that ‫/(ץ‬T)/‫ץ‬L) E р0, but ‫)‪L‬ץ/ץ‬ E can be either positive or negative. For simplicity we evaluate the coefficient in the limit of weak correlation. For c n ϭ3Nk/2 and pϭnkT the coefficient reduces to
Since L is positive, is negative. The static field error reduces the rotation frequency as it did when the cooling laser was on. However, suppose that the plasma has cooled to the point where all of the charges are in the lowest Landau level ͑i.e., kTӶប⍀ c ͒. In this case, a quantum mechanical expression for F OCP must be used and the expression for c n is modified. Only one degree of freedom per particle participates in the thermal motion, so the specific heat is c n ϭNk/2. The pressure is still given by pϭnkT. Substituting into Eq. ͑179͒ yields the coefficient
which is positive for Ͻ⍀ c /3. Surprisingly, the torque due to the static field error increases the rotation frequency. Of course, the accompanying heating rapidly raises the particles out of the lowest Landau level, and then the rotation frequency begins to decrease.
C. Temperature and frequency stability
Often there is a competition between various effects. For example, radiation pressure from a laser exerts a torque that compensates the torque from collisions with neutrals or interaction with field errors. Also, cyclotron radiation or laser cooling may balance various heating effects. We search for stable stationary states, that is, states for which Ṫ ϭ ϭ0 and for which small deviations from equilibrium, ␦ and ␦T, are damped. As we will see, the issue of stability is important. Instabilities are observed when a parameter j characterizing an applied torque or cooling process is slowly varied and the equilibrium location evolves in (,T) space. When the location enters an unstable region, either or T ͑or both͒ can vary rapidly ͑''jump''͒ across the region to the next stable equilibrium.
Suppose that Ė (,T) and L (,T) are known functions and that (Ј,TЈ) is an equilibrium point where Ė ϭL ϭ0 and, therefore, where Ṫ ϭ ϭ0. To investigate stability near this point, we set ␦ϭϪЈ and ␦TϭTϪTЈ, linearize Eqs. ͑174͒ and ͑175͒ with respect to ␦ and ␦T, and assume that these quantities vary in time as e t . The result is
Setting the determinant of the coefficients equal to zero yields a quadratic equation for :
͑187͒
The two solutions to Eq. ͑184͒ are
and stability requires Re()р0 for both solutions. Inequalities ͑75͒ and ͑81͒ imply that aр0, so stability requires b Ͻ0 and cϽ0. As a simple example, consider the case where the angular momentum may be considered constant on the time scale required for significant changes in the energy. Setting L ϭ0 in Eqs. ͑186͒ and ͑187͒ yields cϭ0 and
The nonzero root is ϭϪb/a, which is stable for bϽ0, or ‫ץ‬Ė /‫ץ‬T) L Ͻ0 since ‫)ץ/‪L‬ץ‬ T Ͻ0. Temperature fluctuations about the equilibrium are damped for ‫ץ‬Ė /‫ץ‬T) L Ͻ0, since a positive ␦T leads to a negative ␦Ė ϭ‫ץ‬Ė /‫ץ‬T) L ␦T, which restores the equilibrium. From Eq. ͑173͒ one can see that the fluctuations ␦T and ␦ are coupled and vary in such a way that 0ϭ␦Lϭ‫ץ‬L/‫)ץ‬ T ␦ϩ‫ץ‬L/‫ץ‬T) ␦T.
Of course, for this case of constant L, it is simpler to replace evolution equations ͑174͒ and ͑175͒ with c n Ṫ ϭĖ (T,L) and L(,T)ϭconstant. This separates out the temperature evolution at the outset and the stability results follow trivially from the Taylor expansions: c n ␦Ṫ ϭ‫ץ‬Ė /‫ץ‬T) L ␦T and 0ϭ‫ץ‬L/‫)ץ‬ T ␦ϩ‫ץ‬L/‫ץ‬T)␦T.
As an illustration, we suppose that a plasma of partially ionized atoms is heated by some ambient process at the rate Ė a (T,L) and laser cooled at the rate
͑190͒
where I, l , and k l ϭ l /c are the intensity, frequency, and wave number of the laser light. The laser light is assumed to be directed along the trap magnetic field and the intensity to be uniform over the cross section of the plasma. In this case, the laser light does not exert a torque on the plasma, and the cooling rate does not depend on the plasma rotation frequency. The laser frequency is tuned near to but slightly lower than an electric dipole transition of the partially ionized atoms that constitute the plasma. The transition is characterized by the cross section at resonance 0 , the frequency 0 /2, and the line width ␥ 0 . We define 0 Јϭ 0 ϩR/ប
where Rϭ(បk l ) 2 /2m i . The distribution of ion-velocities parallel to B is Maxwellian with thermal spread uϭͱ2T/m i .
We define the thermal Doppler width D ϭk l u, and for simplicity work in the limit where ␥ 0 , R/បӶ D . Equation ͑190͒ then reduces to the form
͑191͒
From this form one can see that Ė l can be negative and substantial only if l Ϫ 0 is negative but ͉ l Ϫ 0 ͉ is not too large compared to D . In Fig. 7 , the solid curve is a plot of
ϰT. The dashed and dotted curves are plots of Ė a (T,L) and ϪĖ a (T,L), respectively, assumed here to be constant for simplicity. The intersections A and B are equilibrium points where
From the evolution equation c n Ṫ ϭĖ l ϩĖ a , one can see that the temperature will evolve to point A if it is started off at any point to the left of B. When started off at any point to the right of B, the temperature increases indefinitely.
In experiments, 37 the temperature for a plasma in stable equilibrium A is gradually reduced by slowly decreasing ͉ l Ϫ 0 ͉. One can see from Eq. ͑191͒ that D tracks ͉ l Ϫ 0 ͉. If the slow decrease in ͉ l Ϫ 0 ͉ is made through increments, one must be careful not to leave the temperature to the right of point B after the increment, that is, the increments should be smaller than O( D ). This can be restrictive for small D . Of course, for sufficiently small D , expression ͑191͒ does not accurately represent integral ͑190͒.
As another example where the stability criterion is easy to understand physically, consider the case where there is a strongly stable mechanism for temperature control, that is, (‫ץ‬Ė /‫ץ‬T) is negative and substantially larger in magnitude than the other terms to which it is compared in Eqs. ͑186͒ and ͑187͒. The solution for the plus sign,
describes strongly damped temperature and frequency fluctuations that conserve the angular momentum. In effect, this is the solution that we considered in the previous example. The solution for the minus sign,
␦TӍ0, ␦ 0,
͑195͒
describes weakly damped or growing (͉ Ϫ ͉Ӷ͉ ϩ ͉) frequency fluctuations that are decoupled from the temperature fluctuations. Since ‫)ץ/‪L‬ץ‬ T Ͻ0 stability requires that ‫ץ‬L ‫)ץ/‬ T Ͼ0. This result is well known from the analysis of induction electric motors as the condition for frequency stability; recall, here, that Ϫ is the frequency of rotation. Again, the analysis can be simplified at the outset by noting that the temperature is effectively fixed. The time derivative of L(,T), holding T fixed, yields the evolution equation ‫)ץ/‪L‬ץ‬ T ϭL (,T), and Taylor expansion about the equilibrium yields solution ͑194͒.
As a specific illustration, we suppose that two laser beams act on the plasma. The first is an intense cooling beam that is directed along B and provides strongly stable temperature control, that is, provides a large and negative ‫ץ‬Ė /‫ץ‬T) . This beam effectively fixes T at some low value, but does not exert a torque. The second is a narrow beam that is directed transverse to B and passes through the plasma at a distance d from the axis. The direction of propagation is in the same sense as the plasma rotation; so the torque due to FIG. 7 . A construction used to determine temperature equilibria and stability. The solid curve is a plot of the laser cooling rate Ė l (T,L) versus D 2 /( l Ϫ 0 ) 2 ϰT, assuming that the angular momentum L is constant on the time scale of interest. The dashed curve is an ambient heating rate, Ė a (T,L), assumed constant for simplicity, and the dotted curve is ϪĖ a . Points A and B are equilibria since Ė l ϩĖ a ϭ0 at these points. Equilibrium
the radiation pressure can balance an ambient torque, say, due to a static field error. Of course, the ambient torque opposes the rotation. The second beam can heat or cool the plasma depending on how frequencies are adjusted.
For the simple case where ␥ 0 , R/បӶ D , the torque is given by
where a is the cross-sectional area of the narrow laser beam, and
is the line integral of the plasma density along the beam. In writing Eq. ͑196͒, we used the fact that the x component of the plasma rotation velocity is given by x •r Ќ ϭr Ќ cos ϭd all along the beam. In essence, this is the kind of laser system that was used to generate the experimental points in Fig. 5 , where the plasma rotation frequency was varied through the full range of allowed values.
2 A slight complication is that there were two cooling beams and neither was directed parallel to B. However, both beams passed through the center of the plasma and provided strong cooling, as given by Eq. ͑190͒, with very small torque. The dominant torque was provided by an off-axis transverse beam of the kind assumed in Eq. ͑196͒. Further results from this experiment can be understood from the criterion for frequency stability. Figure 8 shows a plot of the plasma rotation frequency versus the frequency of the torque laser. Interestingly, the function ϭ( l ) exhibits hysteresis behavior, with different values of obtained for the same value of l depending on whether l is slowly increasing or slowly decreasing. It is this behavior that we will try to understand.
The condition for frequency equilibrium is that the laser torque just balance the ambient torque
and the condition for frequency stability is that
Dependence on T ͑or D ͒ is not denoted since we assume that the intense cooling laser effectively fixes the value of T. The experiments 2 suggest that the ambient torque is due to a field error ͑tilt in the magnetic field relative to the axis of the cylindrical electrode structure͒ and that the ambient torque becomes large ͑exhibits a resonance͒ near a particular value of the plasma rotation frequency (ϭ*). At this frequency, a tilt mode, which rotates backwards on the rotating plasma, has zero frequency in the laboratory frame and is driven secularly by the static field error. The amplitude of this mode presumably is limited by viscous effects, which also set the frequency width of the resonance. The solid curve in the upper half of Fig. 9 is a sketch of an ambient torque L a () with a resonance peak at ϭ*, and the dashed curve in the lower half is ϪL a (), which is introduced for construction purposes. The three solid curves in the lower half of the figure are plots of L l (, l ) as given by Eq. ͑196͒ for three values of l ͑i.e., lA Ͻ lB Ͻ lC ͒. To avoid confusion, the full Maxwellian is drawn only for curve A.
Each intersection of a solid curve with the dashed curve is an equilibrium point, that is, a solution of Eq. ͑198͒. For curve A, one can see graphically that equilibrium 1 is stable, that is, that ‫ץ‬L l /‫ץ‬ϩ‫ץ‬L a /‫ץ‬Ͼ0. Recall, here, that the dashed curve is ϪL a (). This equilibrium is indicated by point 1 in Fig. 8 Fig. 8 .
lB , equilibrium 1 evolves to equilibrium 2, which also is stable. Here the equilibrium point is climbing the resonance peak, so an increase in l produces relatively little change in ; see point 2 in Fig. 8 . Curve B has two other equilibria; one can see graphically that 2Ј is unstable and 5 is stable. When the laser frequency is increased to lC , the equilibrium evolves to point 3, which is on the edge of the stability boundary. A slight increase in l produces instability, and the equilibrium jumps to equilibrium 4, the next stable equilibrium. This jump produces the nearly vertical section (3 →4) of the curve in Fig. 8 . For further increase in l , simply tracks l as before the resonance. When the process is reversed by decreasing l , only a small jump is encountered. Note that for decreasing l , equilibrium 4 evolves into equilibrium 5, which is stable. For a sufficiently narrow resonance the small jump encountered for decreasing l would not be apparent in Fig. 8 .
VII. ADDITIONAL CONSTANTS OF THE MOTION
For particular confinement configurations, the plasma dynamics is characterized by additional constants ͑or near constants͒ of the motion. In a thermodynamic description, these quantities become new thermodynamic variables, just as the original constants ͑E and L͒ become thermodynamic variables.
A. Center-of-mass motion for plasma confined in a quadratic trap potential
As a first example, we consider a plasma that resides in a quadratic trap potential ͓see Eq. ͑16͔͒ and is small compared to the distance to the electrodes. We allow the center of mass of the plasma, R cm ϭ(R,⌰,Z), to be displaced from the bottom of the potential well but assume that the displacement is small compared to the distance to the electrodes. Image forces are then small ͑we assume negligible͒, and the center-of-mass motion decouples from the other degrees of freedom. 39 The total plasma energy and angular momentum of a single species plasma can be written as
are the center-of-mass energy and angular momentum and E and L are the energy and angular momentum relative to the center of mass. In other words, E and L are obtained from Eqs. ͑2͒-͑5͒ by replacing the usual cylindrical coordinates by cylindrical coordinates with an origin at the plasma center of mass and with a z axis parallel to the trap axis, without changing the functional forms of H, P , A , or trap . Except for the use of coordinates and velocities relative to the center of mass, E and L are the same as the quantities that
were called E and L in the previous sections. Since the center-of-mass motion decouples from the other degrees of freedom, E total , L total , E cm , and L cm are all conserved independently. Furthermore, the center-of-mass motion parallel to the magnetic field decouples from the other two degrees of freedom for the center of mass, so there is another constant of the motion. 39, 17 By using the Hamilton-Jacobi equation, 18 one can show that
where (I z ,L cm ,I r ) are the three conserved actions associated with the parallel motion, azimuthal ͑or magnetron͒ motion, and radial motion of the center of mass. Here z is the frequency of the parallel motion of the center of mass, and r ϭͱ⍀ c 2 Ϫ2 z 2 is the frequency of the radial motion. The quantity m ϭ⍀ c /2Ϫͱ(⍀ c /2) 2 Ϫ z 2 /2 is the magnetron frequency, but, as is our custom for rotation frequencies, a minus sign has been introduced so that Ϫ m ϭ‫ץ‬E cm /‫ץ‬L cm is the rotation frequency associated with the angle variable conjugate to L cm ͑an azimuthal angle͒. Here we have used the fact that E cm (I z ,L cm ,I r ) is a Hamiltonian written in terms of the canonical momenta (I z ,L cm ,I r ). In relating r to the effective cyclotron frequency, one must remember that the radial oscillations are superimposed on the azimuthal motion. The effective cyclotron frequency in the laboratory frame is c ϭ r ϩ m ϭ⍀ c /2ϩͱ(⍀ c /2) 2 Ϫ z 2 /2. Formally, the parallel action is defined through the equation z I z ϭM Ż 2 /2ϩM z 2 Z 2 /2, and the angular momentum L cm is defined in Eq. ͑203͒, so Eq. ͑204͒ itself defines the action I r . An alternate discussion of these constants of the motion ͑us-ing Newton's second law, rather than the Hamilton-Jacobi equation͒ can be found in the review article by Brown and Gabrielse. 17 Under ideal conditions, E total , L total , I z , L cm , and I c are all conserved exactly, but for a real plasma in a real trap these quantities evolve slowly in time. When the time scale for this evolution is slow compared to the time for Coulomb collisions to bring the plasma particles into thermal equilibrium with each other, a thermodynamic description makes sense. One should picture here a spheroidal plasma that is in thermal equilibrium in terms of its coordinates and velocities relative to the center of mass, but for which the center of mass is undergoing parallel, magnetron, and cyclotron motion.
The center-of-mass motion involves only three degrees of freedom and, consequently, makes negligible contributions to the entropy, that is, S total ϭS. Here SϭS(E,L) is the entropy of a plasma at rest with energy E and angular momentum L, that is, S(E,L) is the same entropy function that we considered previously. Combining the equation TdS total ϭTdS with Eqs. ͑47͒, ͑200͒, ͑201͒, and ͑204͒ yields the total differential
where we have assumed that the trap parameters and particle number are held fixed ͑i.e., d z ϭdBϭdNϭ0͒. The rotation frequency ϭT‫ץ‬S/‫ץ‬L) E ϭT‫ץ‬S total /‫ץ‬L total ) E total ,I z ,L cm ,I r has the same interpretation as in previous sections: it is the frequency at which the plasma rotates about the center of mass, as seen from an inertial frame of reference. The total differentials for other thermodynamic potentials ͑e.g., F total ϭE total ϪS total T͒ are obtained by making Legendre transformations.
As a simple application of Eq. ͑205͒, suppose that weak anharmonicity in the trap potential leads to slow changes in I z , I m , and I r through weak coupling of the center-of-mass motion to the many other degrees of freedom. The anharmonicity does not break the cylindrical symmetry of the trap, so both L total and E total are constant on the time scale of interest. Thus Eq. ͑205͒ plus the second law implies that 0рTdS total ϭϪ z dI z Ϫ͑Ϫ m ͒dL cm Ϫ r dI r . ͑206͒ This is a constraint on the direction of evolution in the space of the actions (I z ,L cm ,I r ). The evolution is such as to reduce the center-of-mass energy as viewed in the rotating frame of the plasma ͓i.e., dE cm /dtϩdL cm /dtр0͔. The other degrees of freedom impose a kind of ''friction'' on the centerof-mass motion.
B. m‫1؍‬ diocotron motion of a long, thin plasma in a cylindrical trap
As another example, we consider a long, thin plasma that undergoes mϭ1 diocotron motion in a trap of the form shown in Fig. 1 . The plasma radius and length are assumed to be ordered as R p ӶR w Ӷl p , where R w is the radius of the cylindrical wall. The cyclotron frequency is assumed to be sufficiently large ͑i.e., p Ӷ⍀ c ͒ that the center-of-mass motion transverse to the magnetic field separates cleanly into drift and cyclotron motion. We suppose that external perturbations of the plasma are slow compared to ⍀ c , so only the drift motion is excited. In particular, when the plasma is displaced off the axis of the cylindrical trap, the plasma experiences an electric field due to its image in the wall and undergoes E؋B drift motion around the center of the trap. This motion of the plasma center of mass is called diocotron motion; it is similar to the magnetron motion discussed above, except that here the electric field causing the drift is an image field, rather than the trap field.
We assume that displacement of the center of mass off axis is small compared to the distance to the wall ͑i.e., R ӶR w ͒. This together with the ordering R p ӶR w implies that the image field is nearly uniform over the cross section of the plasma. The drift motion then translates the plasma as a whole with very little distortion, so the plasma can come to a state of thermal equilibrium ͑or near equilibrium͒ centered on the moving center of mass.
The extra energy associated with the displacement is the electrostatic energy of interaction with the image 
͑207͒
The kinetic energy associated with the center-of-mass motion is negligible in the drift approximation. Likewise, the canonical angular momentum is dominated by the vector potential contribution
By combining these two equations we obtain E cm (L cm ), which can be thought of as the Hamiltonian for the centerof-mass motion. 40 Thus the center of mass moves around the center of the trap with the angular frequency
In the limit where R/R w →0, this is the well-known frequency of the mϭ1 diocotron mode, and the finite R 2 /R w 2 correction is simply the nonlinear frequency shift.
To develop a thermodynamic description, we again use the equations E total ϭE cm ϩE, ͑210͒
L total ϭL cm ϩL, ͑211͒
S total ϭS͑E,L ͒. ͑212͒
Equation ͑47͒ then implies the total differential
TdS total ϭdE total ϩdL total ϩ͑ D Ϫ ͒dL cm . ͑213͒
There is an effect called rotational pumping 41, 42 that weakly couples the center-of-mass motion to the other degrees of freedom while conserving the total energy and angular momentum. Setting dE total ϭdL total ϭ0 in Eq. ͑213͒ and using the second law yields the result 0рTdS total ϭ͑ D Ϫ ͒dL cm . ͑214͒
When R/R w Ӷ1 Eq. ͑209͒ implies that D equals the E؋B rotation frequency due to the plasma space charge, measured at the wall. Since is greater than or equal to the E؋B rotation frequency measured in the plasma ͑due to the addition of the diamagnetic drift͒ and the electric field in the plasma is greater than the field at the wall, ( D Ϫ) must be negative when R/R w Ӷ1. It then follows from Eq. ͑214͒ that dL cm ϭ(eB/c)RdR is negative, that is, that the plasma moves back toward the center of the trap. Setting dL total ϭ0 in Eq. ͑211͒ then implies that 0рdLӍm(⍀ c /2)Nd͗r 2 ͘, that is, that the plasma expands in radius.
To make further progress, we must specify the mechanism of rotational pumping in more detail. Consider a plasma that has been displaced off axis. Relative to an axis through the plasma center of mass, the end confinement potentials are azimuthally asymmetric. ͑Of course, these potentials are still symmetric relative to the trap axis.͒ As a plasma filled flux tube rotates about the plasma axis, the tube is alternately compressed and expanded in length. This rotational pumping alternately increases and decreases T ʈ , the temperature for velocity components parallel to Bz . However, collisions constantly try to maintain equipartition be-A limit cycle ͓sawtooth oscillation in Fig. 10͔ is illustrated in Fig. 11 . The two solid curves are plots of ␥(T)R 2 versus T for RϭR max ͑top of sawtooth͒ and RϭR min ͑bot-tom of sawtooth͒, and the dashed curve is simply T/ rad . The cycle starts at point A, where both T and R take their minimum values. At this point, inequality ͑238͒ is satisfied so T is in a stable equilibrium. However, ␤ is larger than ␥͑T͒ so R grows. The equilibrium temperature TϭT*(R) tracks the growth of R according to Eq. ͑237͒. During this phase, the system evolves to point B where RϭR max . At this point, the temperature becomes unstable and evolves rapidly up to point C, the next stable equilibrium. The value of R does not change significantly during this phase of the evolution, that is, RϭR max for both point B and point C. Now ␥͑T͒ is larger than ␤, so R begins to decrease, and again the stable temperature equilibrium TϭT*(R) tracks the decrease according to Eq. ͑237͒. During this phase the system evolves to point D, where RϭR min . Here the temperature becomes unstable and evolves rapidly to the next stable equilibrium at point A, and that completes the cycle.
VIII. CONCLUSIONS
Plasmas that consist exclusively of particles with a single sign of charge can be confined by static electric and magnetic fields ͑in a Penning trap͒ and also be in a state of global thermal equilibrium. The possibility of using the powerful techniques of thermal equilibrium statistical mechanics to describe the plasma state is a huge advantage. Gibbs solves the complicated many body physics problem for us. We began this paper with a brief review of the conditions for and structure of the thermal equilibrium states. The interested reader can find a more detailed description of these states, including a discussion of microscopic order and of phase transitions, in the new review article: ''Nonneutral plasmas, liquids, and crystals ͑The thermal equilibrium states͒.'' 5 Next we developed a thermodynamic theory of the trapped plasmas. The main advantage of such a theory is that it provides a large reduction in the level of complexity required to specify the plasma state. Without loss of generality the state is specified by any complete set of thermodynamic variables ͑a few numbers͒. The theory provides many general relations ͑Maxwell relations͒ between partial derivatives of the thermodynamic variables with respect to one another. Thermodynamic inequalities place useful and general bounds on certain partial derivatives. General and relatively simple expressions are provided for fluctuations in the values of the thermodynamic variables. Often plasmas are made to evolve through a sequence of thermal equilibrium states by the slow addition ͑or subtraction͒ of energy and angular momentum, for example, through the interaction with neutrals or deliberately applied laser beams. A thermodynamic approach provides a simple description of such evolution through two coupled ordinary differential equations for the time dependence of the plasma temperature and rotation frequency. These equations provide a theoretical basis for the late time dynamical control of trapped plasmas. Finally, for certain special situations, there are extra constants of motion associated with the plasma center-of-mass motion, and these enter the theory as additional thermodynamic variables. As a simple application, this extended theory was used to describe a limit cycle behavior observed with pure electron plasmas.
In general, this whole subject is very large, and there is much room ͑and need͒ for future work. For example, only a few of the hundreds of Maxwell relations have been explored. Only a reduced set of thermodynamic inequalities was obtained, and only two of these ͓i.e., c L у0 and ‫)‪L‬ץ/ץ‬ T р0͔ were used in any serious way. The method for calculating fluctuations was illustrated with a couple of examples, but was not exploited, say, to discover new diagnostics based on the measurement of fluctuations. Our work should be thought of as simply a framework for future work. Our hope is that the framework and the few applications worked out will provide adequate guidance for other authors, particularly experimentalists, to develop the applications they need.
We single out experimentalists here for special encouragement because in other areas of research where thermodynamics plays a prominent role ͑e.g., low-temperature condensed matter physics͒ the experimentalists are often the expert practitioners. For example, they use thermodynamics to guide ͑or condition͒ their choice of measurement and to relate the measurement of one quantity to other quantities of interest ͑through Maxwell relations͒. A simple example from transport illustrates how thermodynamics can help guide the choice of measurement. Suppose that a trapped plasma is slowly evolving ͑through a sequence of thermal equilibrium states͒ as a result of the interaction with a small static field error. Over the years, the non-neutral plasma community has investigated the influence of such a field asymmetry by measuring various quantities: the time required for the plasma radius to double, the time for the central density to drop by a factor of 2, etc. However, a thermodynamic approach makes it clear that the plasma evolution is controlled by the rate of change of the plasma energy and angular momentum ͑i.e., Ė and L ͒. A static field asymmetry cannot change the plasma energy, so the only aspect of the field error that matters is the torque it applies on the plasma. The task of experiment is to measure the torque, and the task of theory is to calculate the torque. Simply by using a thermodynamic framework, we are forced to focus on the important physical quantity.
